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Abstract
Motion in image sequences can result from the motion of the observer (egomotion)
and from the presence of independently moving objects (IMOs) within the eld of
view of the observer. Any vision system intended for an observer capable of motion
needs the ability to distinguish between these two possibilities in order to successfully
perform navigation and collision avoidance tasks.
One approach to motion segmentation is to perform a statistical clustering on a
set of local constraints on 3-D motion in the image. This thesis proposes two new
methods, based on the EM algorithm, to perform robust motion segmentation on
image sequences that contain IMOs. The rst method uses statistical clustering of
linear and bilinear constraints (derived from computed optical ow using subspace
methods) on 3-D translation and rotation. The problems of outlier detection, and
determining number of processes and their initial parameters for the EM algorithm are
considered. Also, analysis of the e ects of IMO boundaries on linear constraints, as
well as a derivation for the removal of bias inherent in translation estimates from linear
constraints, are presented. E ects of xation on detection of IMOs are considered. A
framework for hypothesizing about motions underlying a set of constraint clusters is
detailed.
There exist situations in which 3-D motion constraints are not sucient to perform
segmentation. The second method tracks depth-structure over time and evaluates
ii

rigidity allowing IMOs to be identi ed as outliers.
Results obtained from four image sequences are presented. The rst sequence
is synthetic optic ow generated from a depth map and contains one IMO. The
second sequence was captured from a robot moving in an industrial environment.
The third sequence is similar to the second, except the ow has been generated using
a regularly spaced grid which assumes no prior segmentation of the image. The fourth
sequence illustrates a case in which the 3-D constraints are insucient to perform the
segmentation, and the estimation of depth structure is needed to solve the problem.
Finally, directions for future research into this problem are presented.
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Chapter 1
Introduction
What is vision? David Marr opened his seminal book [61] on computational vision

with this seemingly simple question. Vision is something we all do e ortlessly and
very well. Yet the question \What is vision?" has proven increasingly dicult under
the continuing scrutiny of many vision researchers. It is probably accurate to say
that vision is the most powerful of sensory modalities, and it is hardly surprising
that of all the senses it occupies the most cortical space. The physics of vision is
relatively well understood: properties of light and lenses and photoreceptors in the
retina have been studied intensively in the last century. Even early stages of image
representation in terms of neural signals leaving the retina have plausible theories
which allow some insight into the information collected by the eyes. However, once
higher level representations are considered the situation becomes less clear. How is
visual information coded? How is attention focussed? How does contextual (a priori)
information a ect the raw information coming to the brain from the retina? How do
we recognize objects? These are all active areas of vision research.
One important area of vision research concerns our ability to understand the timevarying nature of the images which reach the retina. Because creatures with eyes are
typically capable of motion,1 and because many things in the real world move for
one reason or another, any vision system which can only deal with static imagery
1

The author knows of no creatures for which this is not true.

1

would be inadequate for general tasks. The question of motion perception has been
studied systematically since the turn of the century|Helmholtz [37] is responsible for
linking structure recovery to motion, and the notion that stereopsis and motion are
interchangeable concepts [61]. James Gibson [30] pioneered work into the perception
of visual motion, and introduced the concept of optic ow. In terms of research aimed
at using vision systems in industry, the ability to interpret images that change in time
has great importance in robotics and other dynamic systems.

1.1 Why is Motion Important to Vision?
It could be argued that if nothing ever moved one would not need vision. For example,
if no motion were possible, it would be pointless to identify objects (for example,
co ee cups on a table) since one could never interact with them. If nothing moved,
then creatures with vision would look eternally at the same image. Just as deep-sea
creatures that exist in total darkness may have no need for vision2 because of the lack
of anything to see, it may be that plants have no vision because of their stationary
nature. Creatures with vision use it to search for food and to avoid hazards whilst
moving in their environment, including avoiding other creatures that might consider
them as food. It allows them to identify other creatures of their kind to allow for
social interaction. Motion appears to be an essential element relating to the need for
vision.

1.2 What is an Independently Moving Object?
As an observer moves about, the images it collects representing the world change,
even if everything in the eld of view is static, i.e., nothing else is moving. From this
sequence of images the observer can infer information relating to its own motion, as
well as the depth structure of the environment in which it is moving. This is useful
Some deep sea creatures do not have eyes, and those that do have eyes may have the ability to
generate their own light [31].
2

2

because it aids navigation by allowing the observer to avoid obstacles and aids in the
planning of a path.
There may be objects in the eld of view that are not static. Such objects are
referred to as \moving independently." The image of an independently moving object
(IMO) as viewed by a moving observer might seem dicult to interpret. After all, it is
no longer obvious whether a region in the image is changing because of the observer's
motion or because of an object that is moving in the environment. The human visual
system appears to deal very well with this kind of information. Consider a baseball
player running to catch a y ball, or attempting to beat the throw to second base. In
evolutionary terms, a predator had to be able to identify and track its prey during
pursuit in order to be successful at hunting.

1.3 Why is it Important?
Given the importance of motion to vision, any attempt to construct a comprehensive
vision system needs to address the question of interpreting visual motion. Because
such a system would also need to be able to operate in a general environment it
need concern itself with IMOs. The task of identifying IMOs by an observer that is
moving is of tremendous importance. In industrial applications any robot that is to
be capable of independent navigation would need to be able to avoid collisions with
vehicles, workers, and other robots, while at the same time making sense of the static
environment. This task is done e ortlessly by humans, but designing algorithms to
do it has proven dicult for vision researchers. This thesis deals with the problem of
identifying IMOs in monocular image sequences collected by a moving observer.

1.4 Purpose & Outline of Thesis
This thesis presents two new methods for identifying IMOs in monocular image sequences captured by a moving observer. The rst method relies on a statistical
clustering of constraints on 3-D motion which are derived from an estimation of the
3

2-D image motion. The clustering algorithm, which is based on the EM-algorithm,
attempts to simultaneously estimate 3-D motion parameters as well as assign a probability that a given constraint arises from a particular motion. The egomotion parameters of the observer (translation and rotation) are recovered. It is assumed that
the number of IMOs will not be known in advance, and that the algorithm must
estimate this as well. It will be shown that when the image motion from an IMO
is locally similar to the image motion due to egomotion it may not be possible to
identify IMO's using the motion constraints alone. In these cases the second method,
based on recovering relative depth information, is proposed for detecting image points
whose depth information is inconsistent with that of the static environment.
An overview of the thesis follows. Chapter 2 introduces the imaging coordinate system used throughout the thesis, and discusses perspective projection and
the concept of a motion eld. This will be related to optic ow and some of the
issues regarding the measurement of 2-D image motion will be presented. Work on
2-D motion-based segmentation of images is also discussed in this chapter. Chapter 3 presents previous work on the problem of identifying IMOs in image sequences.
First, work relating to the recovery of egomotion parameters and depth structure
from image sequences is presented. This forms the background for work on detecting
independent objects. Previous methods for segmentation based on 3-D motion are
categorized and discussed. A discussion of the limitations of these methods is given.
Chapter 4 reviews the generation of constraints on 3-D motion through the use of
\subspace methods." There are two di erent types of constraints. \Linear subspace
constraints" provide partial constraints on translation direction, and \bilinear subspace constraints" provide partial constraints on both translational direction and on
rotation. The underlying assumptions of these methods are presented, with the intent of preparing for the case of multiple object motion. The relationship of subspace
methods to other important methods for recovering motion parameters is discussed.
An analysis of the e ect of IMO boundaries on the generation of linear constraints is
presented. By considering this case it is possible to better understand the structure
of the linear constraints. Also, a new method is presented for eliminating the bias
4

inherent in translation estimates derived from linear constraints. The cause of the
bias is explained, leading to an elegant method for its removal. Chapter 5 presents an
overview of mixture models and their importance to the issue of data clustering. The
EM algorithm, which can be used to simultaneously solve for distribution parameters
and perform clustering is also discussed. Chapter 6 deals with the issues surrounding
clustering of linear and bilinear constraints. These issues include choosing a form for
the distributions which underly the mixture models, generating initial guesses, deciding on the number of motion processes and dealing with noise in the constraints.
Methods for recovering relative depth structure are presented. Chapter 7 considers the interpretation of constraint clusters in relation to recovering the underlying
motion processes. Chapters 8, 9, 10 and 11 present results from the application of
these methods to one synthetic and three real image sequences. The fourth sequence
presents a case in which subspace constraints are insucient to identify IMOs, and
demonstrates the use of robust statistics to identify them according to the evolution
of depth structure. This is the second new method proposed for IMO detection. Finally, a summary of the contributions made by this thesis, as well as directions for
future research, are presented in Chapter 12.

5

Chapter 2
Some Preliminaries|
Terminology & Concepts
Before reviewing previous work on motion segmentation, or starting on new methods
of motion segmentation, it is useful to spend time discussing basic terminology and
assumptions. Speci cally, this chapter will de ne the coordinate systems underlying
equations in this thesis, present the equations which de ne perspective projection,
and discuss the di erence between the motion eld and optic ow. As my methods
for motion segmentation start with optic ow as data, it is necessary to understand
some of the problems inherent in the recovery and use of an optic ow eld. In
Chapter 8 the generation of synthetic ow, which is in fact just a computed motion
eld, is described. In Chapter 9 the methods used to generate ow estimates from
real image sequences which are under analysis are outlined.

2.1 Imaging Coordinate Systems
(Planar Receptor)
The study of low-level vision starts with the imaging system. Horn [39] de nes an
image as a \two-dimensional pattern of brightness." An imaging system captures
images of the world by focusing incident light onto a receptor surface in order to
6
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Figure 2.1: A right-handed coordinate system is attached to the imaging system. The
origin coincides with the nodal point of the imaging system, and the z^-axis with the
optical axis. The planar receptor surface lies in the z = f plane. A point X~ in the
3-D world is imaged to a point ~x in the image plane. Under perspective projection
the relation is ~x = X~fT z^ X~ .
create these patterns of brightness. The receptor surface transduces incident light
into signals that can be analyzed. These signals may be neural impulses sent to the
brain, as in the human visual system, or electrical impulses such as those generated
by a video camera and sent to a computer for analysis. By attaching a coordinate
system to the imaging system it is possible to describe mathematically the imaging
process.
Figure 2.1 shows the coordinate system underlying the equations in this thesis. A
right-hand system is used with the z^-axis aligned with the optical axis of the imaging
system. The origin coincides with the nodal point of the imaging system|this means
that under perspective projection (see below) all rays imaged on the receptor surface
will pass through the origin. Assume a planar receptor surface described by the plane
z = f , where f is the focal-length of the imaging system. This receptor is placed
in front of the nodal point in order to avoid having to re ect coordinates in the
equations.
7

While a planar receptor has been chosen for the development of motion segmentation techniques outlined in this thesis, a spherical receptor surface could also have
been used. Such a surface is de ned as having a radius f and is centred on the origin.
While a spherical receptor would simplify somewhat the analysis of the motion eld,
it is a less-realistic model than a planar receptor when dealing with images captured
by a standard video camera.1 It should be noted that a spherical receptor could
be used as an approximation to a number of cameras mounted together in a xed
relative orientation, with nodal points that coincide. Such an arrangement could be
useful when trying to capture images over a wide angular extent while keeping lens
distortions to a minimum.

2.2 Perspective Projection
A point in the 3-D world, X~  [X1 X2 X3]T will image onto a point ~x in the image
plane. Under perspective projection the relation between these two points is

~x = Xf X~ :
3

(2:1)

The rst two components of ~x describe the position of the point in the image plane.
In the following analysis it is useful to continue to think of ~x as a 3  1 vector, even
though its third component is the constant f .
In this thesis the case of perspective projection is considered. In most cases perspective projection is a good model for image formation onto a planar receptor surface.
Another possibility is orthographic projection, where the relationship between X~ and
~x is given by
~x = [ X1 X2 f ]T :
Horn [39] points out that, for images of small angular extent where the scene points
are far away, orthographic projection is a good approximation of the imaging process.
An example of a spherical receptor would be a retina in a human eye. This receptor does not,
however, de ne an entire sphere. Also, the retina, while not planar, is not perfectly spherical either.
1
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Perspective and orthographic projection carry di erent information about the
world. For example, when trying to recover scene structure from motion, it is necessary that the motion has a translational component if the imaging involves perspective
projection, as will be seen from the perspective-projection motion eld equations to
be presented below. A purely rotational motion will not allow for recovery of scene
structure. However, if orthographic projection is used, a purely translational motion
of the nodal point gives no information about scene structure: a rotational component is required. Perspective projection is a more general model and will be used
throughout this thesis.

2.3 The Motion Field & Optic Flow
In the study of vision, images are seldom static in time. As objects in the scene
move, so do their associated images. Analysis of this \image motion" to recover
information about scene motion is not a simple task, since information is lost in the
perspective projection from a 3-D world onto a 2-D image plane. In this section the
relation between scene motion and its associated image motion is studied. Attempts to
measure image motion and the diculties encountered when trying to relate measured
image motion to scene motion will then be presented.

2.3.1 The Motion Field
In Figure 2.2 the relationship between the motion of a point X~ (t) in the scene and
the motion of its image point, ~x(t) is shown. The velocity of X~ (t) is de ned by

~
V~ (t) = dXdt(t) :
In order to nd the velocity of ~x(t) di erentiate

x = d~x dX~ = d~x V~ :
~u = d~
dt dX~ dt dX~
9

It is a simple matter to show that
2
6 1 0 ,x1=f
d~x = f 666
0 1 ,x2=f
dX~ X3 64
0 0 0

3
77
77 = f R(~x) :
75 X3

Here ~u = R(~x)V~ is called the motion eld [39, 24, 86, 44] of point X~ . It is worthwhile
at this time to introduce the concept of depth-scaled projected velocity ~v, de ned by

~v = P (~x)V~ ;
where P (~x) = I , ~x~xT =k~xk2 is a projection onto the plane perpendicular to ~x. It
can be shown that ~u = R(~x)~v and ~v = P (~x)~u. This will be useful in Chapter 6 in
the discussion on depth recovery. Figure 2.2 shows the relative geometry of ~u and V~ .
The motion eld vector ~u and the depth-scaled projected velocity ~v are shown in the
inset of Figure 2.2.
A general form for the velocity of a scene point is V~ = T~ + ~  X~ where ~ is a
rotation about an axis passing through the origin. The equation for the motion eld
becomes
2
3
66 1 0 ,x1=f 77
!
f
6
7
~
~
(2:2)
~u(~x) = 66 0 1 ,x2=f 77 X T +  ~x :
4
5 3
0 0 0
There is a translational component

~uT (~x) = R(~x) Xf T~
3

and a rotational component



~u (~x) = R(~x) ~  ~x :
Only the translational component depends on the depth of the scene point. LonguetHiggins [58] noted this structure, and showed that it was possible to recover T~ , ~ and
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Figure 2.2: The motion eld is de ned as the velocity of image point ~x when its
associated scene point X~ is moving with a velocity V~ . Label the velocity of the image
point (in the image plane) ~u(~x). The motion eld vector ~u lies in the image plane.
Inset: The relationship between ~x, ~u (the motion eld) and ~v (depth-scaled projected
velocity) is shown.
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Figure 2.3: A graphical representation of a dense motion eld calculated from a
computer-generated image. The motion has both a translational and rotational component. An independently moving object can be seen in the lower-right corner.
depth-structure (1=X3 ). The recovered depth structure is relative, i.e. only recovered
up to a scale factor, since one can only recover the direction, and not magnitude, of T~ .
Motion parallax, the apparent relative motion of points in the same visual direction
but at di erent depths, is necessary to recover the focus-of-expansion (FOE). Once
the focus-of-expansion is known, it is possible to recover ~ and then image depth
structure. Gibson was probably the rst to experiment with depth recovery from
motion parallax [30, 29]. A number of other researchers [50, 39, 57] have considered
the recovery of depth-structure from motion, as will be shown in Chapter 4.
The motion eld is a purely geometric concept [39]. It is a useful tool for developing
the theory of image motion: It is exact2 and it assigns a velocity vector to each point
in the image [39, 86]. An example of a dense motion eld (calculated from a computer
generated image) is shown in Figure 2.3.
As an example of how the concept of a motion eld may be used, Nelson [68]
presents an interesting analysis of the motion eld as imaged onto a spherical receptor
surface. He describes in qualitative terms the form of the motion eld generated
Assuming that our projection equations are in fact correct|in reality the image generated by
most imaging systems will deviate from these equations through \distortion" e ects.
2
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when V~ is a pure translation or a pure rotation. In considering the problem of
recovering V~ from a given motion eld, he notes that while the motion eld can be
locally ambiguous3 as to whether rotation or translation is the underlying motion,
consideration of the global motion eld, i.e. the motion eld over the entire sphere,
removes this ambiguity.

2.3.2 Optic Flow
While optic ow is not the focus of this thesis, methods of 3-D motion recovery often
start with the assumption that either optic ow or point correspondences are available.
Also, many of the problems of integration of constraints to achieve good optic ow
estimates are similar to those of 3-D motion recovery. Therefore, it is necessary to
be aware of the issues surrounding the measurement and use of optic ow. The term
optic ow was coined by James Gibson.4 Horn describes optic ow as \the apparent
motion of brightness patterns" in an image [39, 86]. This motion is encoded as a eld
of 2-D vectors, each of which indicates the `velocity' of the associated image position.
In this respect the optic ow eld is similar to the motion eld. While the concept
of optic ow is intuitive and commonly accepted and understood by computer vision
researchers, there does not seem to exist any commonly accepted de nition.5 For the
purposes of the present discussion, Horn's description should serve us well, despite
its lack of mathematical formality.
Ideally, the optic ow corresponds to the motion eld, but this is not always the
case [39, 86, 24]. For example, consider a sphere with a uniform (unmarked) surface
rotating [39, 24]. The image of the sphere does not change, leading to a zero optic
ow, whereas the motion eld is obviously non-zero. Assume now that the sphere
is still, but a light source behind the observer is moving. The shading and specular
re ections induced by the light source on the surface of the sphere will move, causing a
This ambiguity arises more because of error and limited precision in measuring the motion eld
than in the motion eld itself.
4 This is according to Horn [39].
5 Often individual researchers have de nitions which are tied to the methods they use to estimate
image motion.
3
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change in the image's brightness patterns even though the motion eld is clearly zero.
Fleet [24] observes that image brightness is a function of several variables, of which
scene structure and camera motion are the ones that interest us. Varying position
and intensity of light sources, shadows, and re ectance properties of materials in the
scene also play a role. Verri states that \motion eld and optical ow are exactly the
same only for Lambertian6 objects which translate under uniform, xed illumination"
[86]. This statement is true if one neglects the possibility of cast shadows which may
also move. Verri points out that the assumption that viewing surfaces are Lambertian
is not sucient for the optic ow and the motion eld to be identical, as in the case
of the rotating sphere. It is usually sucient, however, that there is texture7 on the
viewed surface [39, 86].
Verri suggests a method by which an optic ow eld can be compared with the
corresponding motion eld: \an optical ow eld can be thought of as close to the
true motion eld, if the topological description of the two vector elds (in terms of
the theory of dynamical systems) is the same at any xed time."[86] Speci cally,
one would compare the number, kind 8 , and positions of the singular points of the
two vector elds. If the rst two quantities are the same, and the positions are
close, then the vector elds can be called similar. This approach is similar to one by
Koenderink and van Doorn [50] in which di erential invariants of the optic ow eld
are determined, and used to hypothesize about the underlying motion eld. It should
be noted that this approach runs into severe diculties at places where the elds are
discontinuous [86], as it often is due to the presence of occlusion boundaries.

2.3.3 Di erential Methods for Estimating Optic Flow
In this thesis it is typically assumed that there is a correspondence between the motion
eld and optic ow. The methods used to recover optic ow described in Chapter 9
\An ideal Lambertian surface is one that appears equally bright from all viewing directions and
re ects all incident light, absorbing none." [39]
7 Texture could be de ned, for our purposes, as a large variation in contrast and/or colour over a
surface relative to shading variations.
8 By kind one refers to nodes (stable and unstable), saddle points, vortices, etc.
6
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are quite robust [40, 43]. The question then arises \How does one measure optic
ow?" Fleet breaks down the measurement of optic ow into three steps:
1. Pre ltering of images. This removes unwanted noise and prepares for the measurement step.
2. Extraction of constraints (measurement). Constraints on the optic ow are
generated, and may be used to estimate the ow eld.
3. Integration of constraints. The constraints from the previous step are combined
with assumptions about the world in order to achieve estimates of the optic ow
eld.
It is possible to broadly categorize techniques for optic ow into correlation methods
and di erential methods. While correlation methods will not be discussed here, they
do deserve comment. These methods are based on the idea of comparing a region in
one image with neighbouring regions in the subsequent image(s). The indication of
how well two regions match is usually based on a correlation measure, hence the name
\correlation methods". These methods do not easily lend themselves to clustering
as they do not generate local constraints which can be used to estimate the ow
eld. The choice of size of image regions used in matching is not simple, as any
image region may contain more than a single motion, or contain insucient structure
to unambiguously determine image velocity. Also, while these methods provide an
estimate of local image velocity, they do so by searching for the best estimate instead
of explicitly calculating it. They do not show how to improve this estimate as is
the case in a method such as gradient-descent minimization. In the remainder of this
section aspects of the di erential methods are considered. The second and third steps
above are exclusive to the domain of di erential methods for estimating optic ow,
and they will now be considered in more detail.

2.3.4 Generation of Constraints on Optic Flow
If the \apparent motion of brightness patterns" really is a good de nition for optic
ow it should be possible to formulate a method for measuring ow based on the
15

intensity in an image. Assume that ~x(t) is the image of a scene point X~ (t) and
that I (~x(t); t) is a scalar-valued function that represents the \brightness" at image
location ~x at time t. Further assume that the image of this point has a constant
brightness as it moves, i.e. I (~x(t); t) = constant. Determining the image motion at
~x(t) can be formulated as the problem of tracking image points on the basis that their
intensity is constant. Horn [39] suggested tracking contours of constant intensity via
the brightness constancy constraint,

r~xI (~x; t)T ~u(~x) + @I
@t (~x; t) = 0 ;

(2:3)

which is derived by di erentiating I (~x(t); t) = constant and de ning ~u = d~x=dt. This
constraint assumes that the only reason that I (~x(t); t) changes is due to motion in
the image. Although this constraint is often violated in practice [7, 43, 39, 66] it is
nonetheless a useful start to measuring optic ow.
For a given image location ~x, note that Eqn. 2.3 provides a single linear constraint
on image motion at that point. An important feature of this equation is that one
can only recover the component of the image velocity that lies in the direction of the
spatial gradient. If the local image intensity structure is due, say, to the contrast at
an edge, then r~xI (~x(t); t) will point in the direction perpendicular to the edge. The
recovered component of the image velocity is named a component velocity.
It is not, therefore, possible to make a local measurement of image velocity. At
best it is possible to constrain the image velocity to lie along a line in image velocity
space, as in Figure 2.4: this is referred to as the aperture problem. If one calculates
a constraint at a nearby image point ~x2 the intensity gradient may be in a di erent
direction, thus proving a second constraint line on the image velocity. One expects
~u to lie at the intersection of these two constraint lines. With a number of such
constraints it should be possible to compute the image velocity. This will be discussed
further in the next section. A modi cation to Eqn. 2.3 that allows brightness to change
in a linear fashion has been proposed [66], although it is shown that it constrains image
velocity in an even weaker fashion.
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Figure 2.4: Image velocity is constrained to lie along a line, since only the component
of image velocity in the direction of the spatial intensity gradient can be measured.
Here ~u? is the measured component velocity, and (u1; u2) are the coordinates in
velocity-space. Any of the ~u's shown here are possible.
While the brightness constancy constraint is widely used, it is not the only method
for computing constraints on the ow. Fleet [24] and Fleet & Jepson [25] suggested
the use of a phase constraint for the recovery of component velocity. During the
pre ltering stage it is possible to use lters that are orientation speci c and have
complex responses to the input images. This response can be written as

R(~x; t) = (~x; t)ei'(~x;t)
where '(~x; t) is the phase response of the lter. By di erentiating '(~x; t) = constant
a constraint is derived:

r~x'(~x; t)T ~u(~x) + @'
@t (~x; t) = 0 :

(2:4)

This equation has the same form as Eqn. 2.3; it tracks contours of constant phase.
The aperture problem is also apparent here. It is argued that phase information is
more stable than intensity with respect to illumination changes, contrast variation
and geometric deformations encountered with perspective projection [24, 25]. An
analysis in frequency space is used to support this claim. Furthermore, it is possible
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to determine when the phase information is unreliable [26] by using a method of
detecting phase singularities, giving an estimate of con dence in the data. The phase
gradient r~x'(~x; t) can be measured given the lter response and the gradient of the
lter response. In a comparison of methods, the phase-based ow [25] has been found
to be more accurate than comparable intensity based methods [5]. It is also possible
to use scale- and orientation-speci c lters with the intensity based approach [89, 35].
This has the advantage that several constraints can be recovered at a single image
point. Heeger [35] and Fleet [24] note that, in the frequency domain, the power
spectrum of a translating image pattern is given by a plane in frequency space. This
plane passes through the origin and its orientation is uniquely determined by the
image velocity in the time domain. The use of a set of scale- and orientation-speci c
lters allows for the determination of the tilt of this plane.
It is possible to design lters that are orientation-speci c, steerable, and separable
[27]. A steerable lter is one for which the orientation can be changed using weighted
combinations of the outputs of basis lters. Separable implies that the 2-D convolution
used in generating the lter response can be replaced by a small number of 1-D
convolutions. This greatly speeds up the computation of the lter response. These
lters can be used for both intensity and phase tracking.
Two types of constraints are shown that can be used to recover image velocity. The
information from each constraint is incomplete, as each recovers only the component
of the image velocity which is in the direction of the spatial gradient of the quantity
being tracked. If it is possible to combine information from several constraints, an
estimate of the image velocity can then be made. However, the question of how to
integrate constraints is far from simple.

Integration of Constraints
The recovery of optic ow from an image sequence is ill-posed 9 [39, 7]. It is, in general,
an under-constrained problem, and therefore does not give rise to a unique solution.
A well-posed problem is one for which a solution exists, is unique, and varies continuously with
the data.
9
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The usual method of dealing with this is to add some assumptions about the ow
eld in an e ort to constrain the solution further, and attempt to choose a ow eld
that minimizes some cost function that involves the constraints and the extra assumption (regularization). Horn [39] suggests the addition of a requirement that the ow
eld be smooth. This seems sensible since one would expect that a smooth surface
in the scene would give rise to a smooth ow eld [49]. The assumption of rigidity will further constrain the solution [39, 49]. However, the smoothness constraint
will be violated at occluding boundaries in the scene [39, 49, 7, 9], as can be seen
from Eqn. 2.2. Flow discontinuities will also exist at the boundary of an IMO since
these boundaries will form occluding boundaries with respect to the background. It
therefore becomes necessary to identify points in the image at which the image depth
changes discontinuously. If the location of depth discontinuities are known a priori
it is easy to incorporate this information into the regularization scheme for computing ow. Conversely, if the optic ow is known it is straightforward to identify the
points of discontinuity. Since neither is known in advance, it becomes necessary to
do simultaneous estimation of optic ow and segmentation [39]. The assumption is
now that the ow is smooth except for certain, speci c locations.
Blake & Zisserman [9] suggest a regularization method including line-processes to
achieve simultaneous segmentation and ow estimation. Line-processes are a form of
penalty system that allows the algorithm to insert discontinuities into the ow eld,
but at a cost. This cost may be less than trying to enforce the smoothness constraint
at a place where a ow discontinuity should exist. The concept of a line-process can
be generalized under the framework of robust statistics [7, 6]. In general, the cost
function in a regularization problem may be highly nonlinear, and as such may have
multiple minima. Many methods for optimization of nonlinear functions cannot guarantee convergence to a global minimum. Blake & Zisserman [9] suggest an algorithm
which they call GNC (graduated non-convexity) that uses successive approximations
to the objective function in order to speed convergence to a minimum. While this
minimum is not guaranteed to be global, a better result is typically obtained.
Previously, the aperture problem was mentioned, which limits local measurement
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to placing a constraint on the image velocity. If one assumes smoothness of ow then
it is possible to integrate constraints over some small region in order to estimate ow
in this region. The question is, \How large can we make this region?" Increasing the
size of the region constrains the solution better by including more constraints, and
it also provides improved noise immunity. However, the larger the region is made
the more likely it is that the model used to estimate ~u(~x) will be unable to account
for spatial variations in the image velocity, or that the smoothness constraint will
be violated. Therefore, there is a trade-o in choosing the size of the region. The
problem of choosing the size on this region has been called the generalized aperture
problem [6].

Robust Statistics and Optic Flow
The application of robust statistics to the problem of optic ow estimation [7, 6, 43]
can be considered a generalization of Blake & Zisserman's work. Robust statistics [32]
considers the e ect of data that is not accurately described by its statistical model.
Most data sets either do not conform exactly to a convenient statistical model or may
have members that are generated by a process other than the one assumed by the
model. In either case, attempting to estimate the parameters of a statistical model
may be adversely a ected by a small number of data points which are termed outliers.
In uence functions [32, 7] may be used to evaluate the e ect of a single data point on
parameter estimates. An in uence function measures the e ect of a single observation
on the value produced by an estimator. As an example, it can be shown that a leastmean-squares (LMS) estimator is not robust in the presence of outliers since the e ect
of a data point is proportional to its distance from the mean. As a result, one outlier
far from the estimated mean will have an inordinately large e ect on the estimate of
the mean. Using in uence functions one can devise a number of measures that allow
the robustness of estimators to be compared [32]. Three important measures are:
Gross-error sensitivity. This quantity is a measure of the \worst-case" in uence that
a data observation will have on the estimator. It can be used as an upper bound
on the asymptotic bias of the estimator.
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Local-shift sensitivity. This quantity is a measure of the e ect of minute perturbations in an observation on the estimator. This is important since there are
errors introduced whenever a value is observed, either through round-o or
measurement error or noise processes. This characteristic can be related to the
derivative of the in uence function, and can be in nite for in uence functions
with discontinuities.
Rejection point. This quantity measures the point at which an observation no longer
has any e ect on the estimator. Beyond this point, the in uence function is
identically zero. This is a desirable feature in order to reject gross outliers
completely.

Hampel [32] suggests that it is possible to devise estimators that possess a low gross
error sensitivity, a low local-shift sensitivity, and a nite rejection point. Estimators
that limit the in uence of outlier data, such as the Lorentzian estimator, have been
proposed for regularization problems involving optic ow [7, 6]. The Lorentzian estimator is part of a family of robust estimators called redescending estimators that
have desirable in uence functions. They possess low gross-error sensitivity and have
low local-shift sensitivity. While the rejection points of this estimator are at 1, its
in uence function \redescends" to nearly zero outside a central region. Sawhney et.
al. [76] note that an in nite rejection point can be desirable in cases where initial
estimates for parameters are not well known, but then estimators with redescending
in uence functions are necessary to still provide some protection from outliers. A
plot of the in uence function of a Lorentzian estimator can be seen in Figure 2.5.
It should be noted that many methods referred to as \robust" in the vision literature, such as median and trimmed-mean lters, and random sampling techniques for
combining constraints, have in nite local-shift sensitivity, since a minute perturbation
in a data point might change the value of the median. The term \robust" is used in
computer vision literature often without clear reference to which measures of robustness are being applied. The application of robust statistical methods is intended to
deal with violations of the brightness constancy constraint as well as the smoothness
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Figure 2.5: The in uence function of a Lorentzian estimator is  (x) = 222+x x2 : The
x-axis represents distance of an observation from the current estimate. As data deviates from the estimate its in uence increases initially, but as the deviation increases
the in uence begins to decrease towards zero. This is characteristic of redescending
estimators. The point at which the estimator begins to redescend is controlled by the
scale parameter, . In this plot  = 1.
constraint.
Mixture models [64] are statistical structures that attempt to model data which
may arise from more than a single process. In the case of optic ow, ow in di erent
regions (as de ned by the segmentation) could be thought of as coming from di erent
processes. The EM-algorithm [64, 15] allows for estimation of the parameters of these
underlying models even though it may not be known in advance which data belong to
which process. Component velocities can be integrated using mixture models and the
EM-algorithm [40, 43]. Jepson & Black [43] use a mixture-model approach to cluster
component velocities, and hence achieve improved optic ow estimates. Their method
allows shared ownership of constraints amongst regions. Component velocities are
generated using a data conservation constraint 10|each constraint de nes a line in ~u
space upon which the correct ow will lie. Plotting these constraint lines should reveal
multiple intersections, each corresponding to an existing ow within the data. It is
This is a generic constraint which can be implemented by tracking contours of constant phase,
intensity, etc.
10
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premised that a region may contain multiple motions and that some constraints will
be outliers due to violations of the data conservation constraint. The ow is modelled
as having multiple layers, with each layer having a model, e.g. constant ow within
a layer. Constraints are then clustered to layers, and the model parameters for each
layer simultaneously estimated. One layer is dedicated to modelling constraints which
are outliers. The EM-algorithm is used to achieve a maximum-likelihood estimation of
parameters and ownership of constraints by layers. Two points are of note here. First,
ownership of each constraint may be shared amongst several layers. This is reasonable
since it is possible for a constraint line to pass through more than one intersection
point. Second, this method allows constraints from non-contiguous image regions to
be clustered together. This is important if transparent motion is present, since a
region of the image may have more than one velocity. This approach to constraint
clustering allows for an improved integration of constraints over methods which rely
on line processes to perform the 2-D segmentation. Jepson & Black [43] present
results using the constant- ow model, but indicate that the work is easily extended
to using ane or rational functions to model ow in a layer. In related work, Jenkin
& Jepson [40] use ane and rational functions of image location to estimate the ow.
An outlier process was included in these models to account for constraints that could
not be t by any of the underlying processes. Mixture models can be thought of as a
form of robust statistics.
Wang & Adelson [87] segment image regions into patches in which optic ow at any
point could be modelled as an ane transformation of the image coordinates of that
point. The image is arbitrarily broken into small patches, and ane ow parameters
are estimated to model the ow in that patch. Patches for which parameter estimation
results in a large residual error are rejected as likely containing object boundaries.11
The remaining patches are grouped on the basis of similar parameters using a Kmeans approach. The nal representation retains information about occlusion and
depth ordering.
11

No details are given as to how the decision of what constitutes a \large" residual error is made.
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Ayer et. al. [2] propose a method that combines robust estimation of 2-D motion
parameters (constant or ane models) within statically segmented sub-regions of an
image. The static segmentation is based on pixel intensity of a single frame and used
as a starting point for integrating constraints and estimating ow. Parameters are
calculated not only by considering regions but also by using information over the
entire sequence (regions are tracked by warping them according to the motion parameters). Parameters are estimated using least median of squares and least trimmed
squares. These methods are robust up to a limited percentage of outliers. After
motion parameters are estimated, the regions are compared for goodness-of- t to the
model, and regions with good t are accepted. Those which are not accepted are used
as the basis for a new round of motion parameter estimation. This concept of using
data which do not t the current parameters as the basis for motion segmentation is
also used in this thesis.
In 2-D motion estimation no distinction is made between ow discontinuities
caused by depth discontinuities and by IMOs|this leads to an over-segmentation
of the image with respect to 3-D motion. This is characteristic of the 2-D segmentation approaches. Attempts at simultaneous segmentation and estimation of 3-D
motion will be presented in Chapter 3. Other approaches to the optic ow problem
include application of Kalman lters to carry forward information from one set of
ow estimates to the next [78]. The Kalman lter generates covariance estimates for
the measurements, and uses these estimates to fuse new measurements with previous
ones. The covariance estimates also give a sense of the certainty of each measurement,
a concept which is considered important when passing estimates to further processing
stages [79]. The concept of improving estimates over time (incremental estimation)
has been suggested by other researchers [6, 7]. Incremental estimation is an attempt
to exploit temporal coherence in optic ow, as well as distributing the cost of computing ow over a number of frames from the sequence. Instead of trying to exhaustively
re ne ow estimates for each pair of frames, one attempts to improve the estimates
over time, allowing only limited computation for each frame. Since the ow eld is
not expected to vary drastically between adjacent frames, the results of the previous
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frame provide a good starting point for the estimation of the next frame's ow. It
should be noted that this attempt to exploit temporal coherence in the ow eld does
not overcome the obstacles to ow estimation outlined previously.

Flow Segmentation and Independently Moving Objects
Why perform segmentation based on IMOs when the optic ow constrains the necessary segmentation information? The answer is that the segmentation of ow will
over-segment the image with respect to IMOs. The ow segmentation will place a discontinuity at every location where the depth to scene points changes abruptly. While
this does include IMOs, it also includes a lot more. The question then becomes,
\Which parts of the ow segmentation are relevant to segmentation of IMOs?"

E ect of Poor Integration on Quality of Flow
If ow segmentation is poorly done, then an inappropriate combination of the information in the measured image velocity constraints will occur|this leads to noisy
or erroneous ow estimates [39, 49, 7]. This, in turn, results in a poor estimate of
the ow eld, and will introduce errors into constraints on 3-D motion which will be
generated later.

2.4 Di erence Between 2-D & 3-D Motion
When one refers to 2-D motion, one is talking about the motion eld or optic ow.
This is a eld of 2-D vectors, each at some particular spatial location in the image.
Only the relative motion between the camera and a scene point, as well as the distance
between them, a ects the 2-D motion eld. 3-D motion refers to the translation and
rotation of a point in the world that induces the motion of its associated image point.
It is in this domain that one can be concerned with identifying IMOs, as IMOs have
di erent relative 3-D motion from other parts of the image. Previous work on the
recovery of 2-D motion from images has been presented in this chapter. In the next
chapter previous work on estimating 3-D motion from images will be presented.
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Chapter 3
Previous Work on 3-D Motion
Recovery
The recovery of egomotion parameters for an observer moving in a rigid environment
is a much-studied problem. It is possible, under the right circumstances, to recover
the observer's translational direction, rotation and also to recover information about
the depth structure of the scene. The previous chapter described work on 2-D motion
estimation, which involves identifying points in the image where depth discontinuities
exist. This typically involves operating on optic ow or component velocities. Much
work has also been done on the problem of 3-D motion segmentation. Most of this
work has been an attempt to perform some form of clustering in a parameter space. In
this chapter work done on egomotion and scene structure recovery, as well as work on
3-D motion segmentation, will be reviewed. These approaches are divided as follows:
1. Methods assuming orthographic projection,
2. Methods based on the essential matrix,
3. Methods requiring planar patches,
4. Direct methods, and
5. Subspace methods.
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While some work does not fall neatly into one of these categories, these divisions highlight important features of previous attempts to solve the egomotion and 3-D motion
segmentation problem. A further division regards whether the methods assume optic
ow or discrete displacement of tracked features (this division does not apply to most
of the direct methods).
The translational and rotational motion of a scene point with respect to the observer, as well as the distance from the observer to the point, all play a part in the
motion of the image of the point. A number of methods exist for recovery of the
motion components without a priori knowledge of the scene's depth structure. This
process is often referred to as egomotion recovery, based on the premise that image
motion is caused by a moving observer in a stationary environment. Other methods
attempt simultaneous recovery of egomotion parameters and scene structure. Horn
[39] suggests linear methods for recovering motion parameters when it can be assumed
that the motion is purely translational or purely rotational. In the event of combined
rotation and translation the equations become nonlinear, and their solution involves
estimating relative depth.

3.1 Orthographic Methods
Tomasi & Kanade [82], using orthographic projection, demonstrate a method that
factors point correspondences between images into their motion and shape components. This method assumes that a set of corresponding points can be identi ed
between image pairs.1 Assume that W is a 2F  P matrix composed of P 2-D image
points tracked over F frames, then it may be factored as

W = MS
where M is a 2F  3 matrix of the rotational motion between frames, and S is
a 3  P shape matrix containing the coordinates of the P points. In practice the
The problem of determining the appropriate matching of points across di erent frames is referred
to as the correspondence problem [85].
1
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tracked image coordinates will be noisy, so a singular-value decomposition method is
used to perform the factorization.
Costeira & Kanade [12] build on the work of Tomasi & Kanade [82] to produce
a method which identi es IMOs. Starting from feature correspondences, a shape
matrix is derived. From this is derived a \shape interaction matrix" which can be
put in block-diagonal form, where each block represents a unique motion. No prior
knowledge of motion or its segmentation is necessary. However, the method only
works with orthographic projection.
Work by Koenderink & van Doorn [51] show that it is possible to recover ane
structure from matched image features. Koenderink et. al. show that four points
matched between two images are sucient to de ne an ane basis from which the
expected image motion of other image features can be calculated, assuming the images
are formed using orthographic projection.
Lawn & Cipolla [54] make use of the ane-structure technique of Koenderink &
van Doorn [51]. Their work employs the small-angle approximation, which allows
perspective projection to be approximated by orthographic projection, in order to
recover egomotion from image sequences. This method relies on looking for point
correspondences which violate the rigidity assumption, and therefore indicate the
presence of an IMO.
The use of orthographic projection is not always a realistic assumption for most
imaging systems in use today. As has been mentioned previously, depth structure
can only be recovered from orthographically projected image sequences in the event
that a signi cant rotational component to the motion exists. This is directly opposite
to perspective projection, where depth structure is only recoverable when signi cant
translational motion is present. Perspective projection is a more common model for
imaging systems.
Fortunately, the notion of ane structure as introduced by Koenderink & van
Doorn [51] can be extended to the case of perspective projection. Faugeras [22]
assumes perspective projection and shows how to construct a projective basis with the
use of eight points. The additional points are necessary to compute the translational
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direction (once translational direction is recovered, only 4 points are needed to de ne
an ane basis, and 5 for a projective basis). The reconstruction of image \structure"
is done without knowledge of the camera's intrinsic parameters: focal length, optic
centre2 , and pixel scaling in terms of distance-per-pixel in both the horizontal and
vertical directions. Extrinsic parameters are those related to the change in world
coordinate systems between the views, i.e. rotation and translation. Separation
of the projection matrix into intrinsic and extrinsic parameters is demonstrated in
Luong et. al. [59]. This important result allows one to study structure from motion
without painstaking camera calibrations. Work presented in this thesis assumes a
priori knowledge of the camera's intrinsic parameters.

3.2 Essential-matrix Methods
A method for recovering egomotion using an essential-matrix has been proposed [57,
90]. Using point correspondences it is possible to form the matrix equation

~x0E~x = 0 ;

(3:1)

where E is the essential-matrix and ~x0 and ~x are the corresponding image locations of
the same point, written as 3-vectors. The 3-D world coordinates of these points are
X~ 0 and X~ respectively, and are related by X~ 0 = RX~ + T~ where T~ is a displacement
vector and R is a rotation matrix. The matrix E is a function of T~ and R: E = [T ]R
where
2
3
66 0 ,t3 t2 77
[T ] = 666 t3 0 ,t1 777
4
5
,t2 t1 0
and T~ = [t1 t2 t3]T . The matrix [T ] is the equivalent of taking a cross product with
T~ , that is [T ]~x = T~  ~x. Since Equation 3.1 is homogeneous, it is only possible to
2 In practical terms this is the location in the image of a point which lies on the camera's optical
axis. While this is usually assumed to be in the centre of the image, it seldom is in practice.
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recover E (and subsequently T~ ) up to a scale factor. Given a minimum of 8 point
correspondences, a set of equations can be solved for the elements of E . The translational direction can be recovered by noting that EE T = [T ][T ]T. The rotation
parameters can then be recovered. A detailed study of the properties of essential
matrices can be found in [62]. Weng et. al. [90] show that this method had signi cant error for translational directions parallel to the image plane and also that
error increased as the angular eld-of-view in the image decreased. This is a feature
common to other methods, as shall be seen later. The essential-matrix methods are
more suited to cases in which the displacement of image points is known. One can
think of optic ow as providing information on the instantaneous motion of an image
point, and feature tracking as providing discrete information on the movement of
image points. While displacement over a time interval can be used as a rst-order
approximation to velocity, the displacements recovered by estimating optic ow are
too small to e ectively employ the essential matrix.
Torr [83, 84] suggests a stochastic approach to motion segmentation that makes
use of essential-matrices. Starting with feature-correspondences, the pairs of image
points are clustered, with each belonging to one (and only one) cluster. Each cluster represents some number of feature-pairs related by a single essential matrix, E .
Clusters are created by randomly selecting 7 pairs and calculating E . More pairs
are added with an eye to consistency: each new pair is tested to see if it meets a
criterion of being at least 95% likely to belong to the cluster, as determined by a
t-test. Small clusters may be pruned depending on the likelihood that they were randomly generated, and like clusters are merged. A special cluster, which makes use of
a uniform probability density function, is used to capture data points which are not
well-modelled by the other clusters. Finally, using an integer programming technique,
the clusters are partitioned to form a segmentation.
This work deserves further comment in that it is the closest in both spirit and
form to the methods described in this thesis. An attempt is made, using the methods of robust statistics, to cluster constraints on 3-D motion thereby performing a
segmentation based on motion. The number of motion processes is determined by
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examining the data for support of new processes. The major di erences are that this
work deals with optic ow as input data, the segmentation is performed based on
constraints that are related solely to translational direction, and mixture models are
used to model multiple motion processes.

3.3 Methods Requiring Planar Patches
Adiv [1] identi es regions in the image in which estimated optic ow is consistent
with the movement of a planar surface, and groups these regions according to their
mutual consistency for various 3-D motions. Each grouping therefore represents an
independent motion. Sinclair [77] segments images by recovering the 3-D angular velocity eld for the image, and uses a simple clustering algorithm for identifying planes
in angular velocity space. This method also requires identifying planar surfaces in
the image. Both Sinclair and Adiv's methods require the existence (and identi cation) of planar surfaces in the image. They both are examples of clustering methods.
Work by Darell & Pentland and by Hanna cited in the next section also involves the
assumption of planar surfaces in the image sequence.
In many man-made environments planar surfaces occur in abundance, so these
methods could be expected to be useful. However, in considering natural environments, planar surfaces may be limited to the ground plane (e.g. a smooth eld), or
may not exist at all! Methods which could exploit the existence of planar surfaces,
but do not require them, are potentially more useful.

3.4 Direct Methods
The approaches described in this section are referred to as direct methods because
they either bypass the stage of estimating optic ow or because they treat the imaging
process in a non-standard way. They may generate constraints on 3-D motion as part
of a process to recover egomotion or identify IMOs, but they need not necessarily do
so.
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Darell & Pentland [14] have suggested segmentation and estimation based on a
competitive scheme that attempts to assign constraints to di erent \layers" in a multilayer model. Their work is formulated for the case of pure translation and assumes
that each layer models the motion eld of a planar surface, the image sequence has
constant brightness and is formed using perspective projection. The constraints are
formed from the spatial and temporal derivatives of the intensity image, and obey
the relation
Tx dx + Ty dy + Tz (x dx + y dy) + dt = 0
where T~ = [Tx; Ty ; Tz ]T is the translational motion of the support region. Each
constraint is assigned a level of support for each layer. The method starts with
more layers than are expected, and an initial guess for the translational motion of
each. Based on the initial estimates, a support map is calculated for each layer, and
then the translation estimates are updated using maximum likelihood estimation.
This process continues iteratively until parameters converge. The number of layers is
determined by excluding layers with too little support|in the optimal situation one
layer will remain for each distinct region of motion. The advantage of using support
maps over line processes is that layers do not require their supporting regions in the
image to be contiguous. Additional morphological constraints are used to discourage
support regions consisting of small numbers of contiguous points. This method is quite
similar to methods of Jepson & Black [43], and Wang & Adelson [87] (described in the
previous chapter), using a planar patch model in place of ane or rational models.
The method is similar in avour to the EM-algorithm, which will be described in a
later chapter.
Hanna [33] uses a multi-resolution iterative approach for recovering egomotion
and structure from component velocity, assuming local planar surface models in a
manner similar to Darell & Pentland. This approach does not limit itself to purely
translational motion. The method is also iterative, using rst the model of local
surface orientation to improve egomotion estimates, then using egomotion estimates
to improve local surface models. Unlike that of Darell & Pentland, the method makes
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no attempt at robust estimation of parameters. Also, local surface models are t to
small, xed and overlapping image regions, so the notion of ownership of constraints
by a layer does not exist here. This method is similar to those of Duric and Nelson
[18, 67] in that it bypasses optic ow and attempts to relate component velocity
directly to egomotion.
Nelson [67] describes a method for performing 3-D motion segmentation which
could properly be thought of as a 3-D method since it only relies on 3-D motion
parameters and measurements which can be made directly from image pairs in the
sequence. Given knowledge of the observer motion, that is, assuming that T~ and
~ are known, he compares expected properties of the motion eld against measured
component velocities, and where signi cant deviation is found assumes independent
object motion. This method is direct because it avoids the need to even compute
optic ow. Knowledge of ~ uniquely de nes the expected rotational component of
the motion eld. Knowledge of T~ constrains the translational component of the
motion eld to lie along lines of longitude on the unit sphere, all of which pass
through the direction of translation. This method has the drawback of requiring a
priori knowledge of the observer motion, and as such can not be considered to be a
motion-estimation method. Also, no attempt is made to distinguish between di erent
IMOs. Given the diculties associated with the estimation of optic ow, bypassing
this step is of considerable value. Heeger & Hager [36] proposed a method which,
while not a direct method3, is worth mentioning here because of its relationship to
Nelson's method. They consider the problem of integrating information from several
sensors. Speci cally, in addition to considering information from an image sequence,
they also have measurements from a set of positional and inertial sensors regarding
the motion of the observer. This information may not be completely reliable and
accurate, but it may provide a good initial estimate for the egomotion. As they
point out, a good initial estimate for egomotion may greatly simplify identi cation
of IMOs. Assuming that T~ and ~ are known, then optic ow must lie along a line
segment where di erent points on the line correspond to di erent values of X3 (~x), i.e.
3

Their method uses pre-computed optic ow, and therefore is not direct.
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di erent depths of the scene points in the real world. Measured ow that deviates
from this line may indicate the presence of an IMO. Their model attempts to combine
information from the multiple sources through the use of a threshold based on the
Mahalanobis distance, and generate improved estimates for image velocity while at
the same time detecting IMOs. This method can miss an IMO if it has a ow pattern
that does not deviate from that caused by the egomotion (cf. Section 4.5) but, given
accurate optical ow, it will not generate false positives.
Azarbayejani et. al. [3] use an extended Kalman lter to recursively estimate
structure and egomotion over an image sequence. The input data for the lter are
tracked image points, making this a feature-based method. The state vector encodes
the motion parameters (T~ and ~ ) as well as one structure (depth) parameter for
each tracked point, and the measurement model describes the nonlinear nature of the
perspective projection. This methodology also incorporates a measure of the certainty
of each estimated state parameter through the updates of the covariance matrix. This
method does not bypass the need for displacement estimates, and makes no attempt
to deal with outliers in the measurement data. It is of interest, though, because it
encodes information about the imaging process in the measurement equation, and
information about temporal coherence in the state transition matrix.
When either rotation or translation dominate egomotion, it is possible to simplify
the recovery of the 3-D motion parameters. Duric et. al. [18] use the Frenet-Serret
motion model to derive a measure regarding the dominance of either type of motion.
Intersecting constraints based on recovered component velocity are used to estimate
the focus-of-expansion for translation or the axis of rotation.

3.5 Subspace Methods
While a complete description of subspace methods will be given in the next chapter,
it is worth mentioning other methods that can be thought of as being within the
domain of subspace methods. A method by da Vitoria Lobo [13] is based on the
observation that it is possible to cancel the e ect of rotation using three collinear
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image points. He proposes an operator which, at a given point in the image, performs
a summing operation along lines in multiple orientations passing through the point.
The sum takes advantage of the cancelation e ect and therefore only depends on the
translational component of the image motion. It is shown that such a sum performed
along a line which contains the FOE evaluates to zero. Therefore, if the operator is
scanned over the image, it should have a minimum response at the location of the
FOE. This also points to a method for detecting IMOs. Once the FOE is located,
collinear triples of image points (each of which is chosen so that its line passes through
the FOE) are tested by checking their sums and comparing to zero: triples with sums
above a preset threshold are probably due to IMOs. In a noise-free image the threshold
is unnecessary as the sums are expected to be exactly zero. It should be noted that
image motion due to IMOs is a form of \noise" for this operator. It is reported to be
robust to small patches of IMO image motion, but breaks down after a point. Jepson
& Heeger [46] point out that the method of da Vitoria Lobo can be thought of as a
special case of subspace methods. Sampling geometries that are collinear and lie on
the same line as the FOE only require three ow samples to generate a constraint on
the translational motion (cf. Section 4.2.2).

3.6 Limitations
The preceding sections have discussed: methods which involve orthographic projection; methods which require that images contain depth structure which is, at least
locally, planar; methods based on the essential-matrix; and some methods which attempt to bypass the generation of 2-D motion estimates. These methods are used to
estimate 3-D motion parameters or identify IMOs or both.
The approaches taken previously to 3-D motion segmentation are often considered
robust, yet many would fail the tests set out by Hampel [32] with regards to localshift sensitivity. Some methods require that planar surfaces exist in the image, or
that individual features be tracked. Methods requiring orthographic projection are
unrealistic in real situations since most cameras employ lenses that have too large
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a eld of view to be approximated as orthographic. This thesis pursues methods
based on improved optic ow estimates [43, 40] and on segmentation of subspace
constraints on 3-D motion [44, 45, 46] using the EM-algorithm as a basis for robust
parameter estimation and clustering. The EM-algorithm, when used with a mixture
of smooth distributions, has low local-shift sensitivity and has the advantage that
it is guaranteed to improve the likelihood function while simultaneously performing
clustering and parameter estimation.
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Chapter 4
Generation of 3-D Motion
Constraints Using Subspace
Methods
In the preceding chapters current work on image segmentation based on 2-D and
3-D motion were discussed. This chapter looks at constraints on 3-D translation and
rotation which allow rotation and translation to be separated from scene structure
(and each other) in order to simplify the parameter estimation problem.

4.1 Motion Constraints
Given a measurement of optic ow for an image, it is possible to generate constraints
on the 3-D relative motion underlying the motion eld. The relative motion of the
observer with respect to the world can be described by a translation, T~ , and a rotation,
~ . This rotation is about an axis which passes through the nodal point of the imaging
system. In our de ned coordinate system the nodal point is at the origin. Consider
the relative motion of a point in 3-D space, X~ = (X1; X2; X3)T , where X3 lies along
the optical axis (Z-axis). The image of this point under perspective projection is
~x = (x1; x2; f ) = Xf3 X~ where f is the focal length of the imaging system. The
motion eld under perspective projection at this image point is given by Eqn. 2.2,
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remembering that X3(~x) = X3 is the projection of X~ onto the optical axis. The ow
eld can be thought of as having two components|a translational component and
a rotational component. As discussed in Chapter 2, ~u(~x) = ~uT (~x) + ~u (~x) where
~uT depends only on the translational motion and ~u depends only on the rotational
motion. Note that only the translational component is a ected by the distance to
points in the image. Therefore, any discontinuities in the motion eld must be due
to variations in depth, a fact exploited by Rieger & Lawton [74] in their method for
recovering translational motion. Consider two points X~ 1 and X~ 2 such that
1 X~ = 1 X~ :
X3(~x1) 1 X3(~x2) 2
Both points will have the same image location. Assuming that both of these points
have the same motion (T~ ; ~ ) relative to the observer, then the only di erence in their
ow components will be due to non-zero translation. Speci cally,
2
3
!
1
0
,
x
=f
1
1
1
6
7
~u(~x1) , ~u(~x2) = 4
5 X (~x ) , X (~x ) f T~ :
3 1
3 2
0 1 ,x2=f
This di erence vector will pass through the FOE assuming that the FOE lies in the
image plane. One such di erence vector is not sucient to recover the FOE, but two
non-collinear ones are. In practice, the least squares minimum is used to determine
the intersection of many di erence vectors. Rieger & Lawton [74] approximated
this vector by di erencing the ow of nearby points and recovering the direction
of translation. The dependence of the motion eld on depth is also exploited by
the subspace methods. These variations in depth can be classi ed into two types,
depending on whether the depth variation is because of a boundary formed by an
IMO or an object that is stationary in the environment.
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4.2 Subspace Methods
It is possible to derive constraints on 3-D motion from the motion eld (and hence
from optic ow). Here a technique developed by Jepson and Heeger [45] called \subspace methods" is described. This technique allows the derivation of bilinear and
linear constraints on 3-D motion, and takes its name from the use of a vector subspace to derive the linear constraints. Through appropriate integration of these derived constraints it is possible to recover the relative 3-D motion that gave rise to an
observed optic ow eld.

4.2.1 Bilinear Constraints
A simple algebraic manipulation of Eqn. 2.2 [44] allows us to derive the following
bilinear constraint on T~ and ~ .

T~ T (~x  ~u(~x)) + (T~  ~x)T (~x  ~ ) = 0 :

(4:1)

This is an exact constraint on the motion eld, although it is nonlinear in its motion
parameters. While it is nonlinear, it has a special form: If T~ is held constant then
the equation is linear in ~ and vice versa. It should be noted that only a single ow
vector (and its image location) are required to de ne each constraint. The constraint
is also independent of the depth of the point imaged at ~x. Eqn. 4.1 can also be written
as
T~ T (~a + B ~ ) = 0
where ~a is a 3  1 vector-valued function of ~x and ~u(~x), and B is a 3  3 matrixvalued function of ~x. It is possible to derive a linear constraint on T~ from a set of
bilinear constraints.

4.2.2 Linear Constraints
A linear constraint on T~ can be derived from 7 or more bilinear constraints of the
form of Eqn. 4.1 [45]. Given optic ow sampled at K discrete points in the image,
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f~xk gKk=1, construct a constraint vector
wi~i =

K
X
k=1

cik [~u(~xk )  ~xk ]

(4:2)

where ~i is a unit vector, and wi is the norm of the right-hand side of the expression.
Through suitable choice of the ~ci one can guarantee that the constraints f~igNi=1 will be
orthogonal to T~ , i.e. T~ T ~i = 0, i = 1 . . . N . From Eqn. 4.1 it is seen that a sucient
condition on the ~ci is that they are orthogonal to all quadratic forms involving [~xk ]1
and [~xk]2 over the sample points. (Here ~xk = [[~xk ]1; [~xk]2; [~xk]3]T .) Speci cally,
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The coecients of ~ci e ectively annihilate the contribution due to ~ , and they only
depend on the sampling geometry, not the ow measurements. It is possible to
generate K , 6 linearly-independent constraint vectors for each set of K sampled
points. These will form a basis for a subspace of RK .
Since the ~ci are orthogonal to all quadratics in image location over the sampling
geometry (as shown above), the technique requires a variation in depth that is not
planar over the image region from which the optic ow is sampled in order to create
a non-zero constraint. The practical importance of this is that no constraint can be
generated if all the ow samples come from a single planar surface.
The subspace methods allow for generation of bilinear constraints on T~ and ~ ,
and linear constraints on T~ . These constraints require measurement of optic ow
over some sampling geometry, as well as a set of coecients which are speci c to the
sampling geometry. These constraints allow for estimates of the motion parameters
T~ and ~ to be made.
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4.2.3 Geometric Interpretation and Solution
of Linear Constraints
The linear constraints on translation can be used to recover the direction of translation, but not its magnitude. This is a feature inherent in the problem itself [39],
not the subspace methods. This can be seen by considering what happens when both
X3(~x) and T~ in Eqn. 2.2 are multiplied by the same scale factor|the resulting value
of ~u(~x) does not change. Given a set of weighted linear constraints fwi~i gNi=1 the solution for T~ can be found by determining the eigenvector corresponding to the smallest
eigenvalue of
N
X
D = wi2~i~iT :
(4:3)
i=1

This is the equivalent of minimizing the expression

E (T~ ) = T~ T DT~ =

N
X
i=1

 2
wi2 T~ T ~i :

The computation is a simple least-squares problem and is easily performed with standard algorithms. It is worthwhile to consider a geometric interpretation of the constraints. In the event that one eigenvalue of D is signi cantly smaller than the other
two, then the constraint vectors lie close to a great circle on the unit sphere, and the
correct translational direction is the vector normal to the plane de ned by this great
circle.1
It is generally the case that the constraint vectors will not be uniformly distributed
around this great circle. For example, if the sampling geometry is small, then the ~i's
are very nearly orthogonal to the mean sampling direction
K
X
~xi = K1 c2ik ~xk :
k=1

Since the angular extent of the image is limited, then so will be the extent of the
constraints along the great circle. As the angular extent of the image is decreased
In the absence of noise one would expect the constraint vectors to lie on this great circle, not
just near it.
1
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and noise is added, the constraints will cluster into a small region which will no longer
clearly de ne a great circle [46]. In this case, there will be two eigenvalues of D with
roughly the same magnitude and a third, larger eigenvalue. It will no longer be
possible to assign a unique translational direction. Constraints of this nature could
be thought of as providing a single linear constraint on the translational motion.
This latter case is important in the event of independent object motion. Since
many objects will have a small angular extent with respect to the image, the constraints generated by these objects will not necessarily de ne a unique translation for
the object. For objects that are small, it may also be the case that the constraints will
mostly be generated from optic ow samples that lie across an IMO boundary, and,
as will be explained below, this violates an underlying assumption of the subspace
methods. First, consider the e ects of noise on the linear constraints.

4.2.4 E ects of Noise on Linear Constraint Vectors
In the absence of noise, the constraints generated by the subspace methods are exact
[45]. Since the measurement of optic ow is far from noiseless it becomes necessary
to consider the e ects of noise on the method. Jepson & Heeger [46] report a bias
in the estimates of T~ when using optic ow with isotropic noise to generate linear
constraints. This bias exists because isotropic noise in the ow leads to non-isotropic
noise in the ~i.
To see how the bias develops, consider noisy constraint vectors ~ = ~ + ~n where
Ef~ng = ~0, and
2
3
66 1 0 ,x 77
Ef~n~nT g = 2 666 0 1
,y 777 :
4
5
,x ,y x2 + y2
This covariance matrix for the noise vectors may be derived assuming isotropic, zeromean noise in the optic ow. When the D matrix is constructed, it is seen that

X
D~ = wi2~i~iT
N

i=1
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wi2 ~i~iT + ~i~nTi + ~ni~iT + ~ni~nTi
i=1
(X
)
N
2
T
EfD~ g = D + E
wi ~ni~ni
=

N
X

i=1

= D + 22M
66 1 0 ,xi
N
X
M = wi2 666 0 1 ,yi
i=1 4
,xi ,yi x2i + yi2

3
77
77 :
75

(4.4)

The noise adds a term to the expected value of our D~ matrix which will, in general,
a ect the eigenvectors of D~ and therefore our estimate of T~ .
Jepson & Heeger [46] suggest a dithering method to make the noise in the ~i
isotropic, thereby removing the bias. In this thesis, a di erent approach is taken.
Since the form of the noise covariance for the ~i can be derived, it is possible to perform
a re-scaling of the ~i into a space where the noise is isotropic, make the required
estimation of T~ , and convert the results back to the original space. To see how this
works, rst note that adding a scaled version of the identity matrix to D does not alter
~ x = ( + 2)~x. Note that
the eigenvectors, i.e. if D~ = D + 2I3, then D~x = ~x ) D~
the eigenvectors of the two matrices are identical, and the ordering of the eigenvalues
is preserved. One can achieve re-scaling by pre- and post-multiplying D~ by the inverse
square-root of the covariance matrix M . This gives us M ,1=2DM ,1=2 + 2I3, which
will have the same eigenvectors as D^ = M ,1=2DM ,1=2. This operation is also referred
to as pre-whitening [34]. Choose the eigenvector ~x that corresponds to the minimum
eigenvalue of M ,1=2DM ,1=2, namely M ,1=2DM ,1=2~x = ~x. The new estimate for
the translational direction is T~ = M ,1=2~x.
Observe that M ,1 D(M ,1=2~x) = M ,1=2~x. The estimate for T~ is an eigenvector of
M ,1 D, not D. However, since D represents the noise-free constraints, its minimum
eigenvalue is 0. This guarantees that pre-multiplying D by M ,1 will not change
the corresponding eigenvector. Therefore the estimate T~ corresponds to the noisefree estimate, and the bias has been removed. It can be shown that this is also the
maximum-likelihood (ML) estimate. In practice it will not be possible to completely
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remove the bias, as the estimate for the form of M will not be perfect. In Chapter 8 the
method of rescaling is applied to the case of multiple object motion using ownership
probabilities calculated with the EM-algorithm.

4.3 Relation of Subspace Methods to Rieger &
Lawton's Method
It is worthwhile here to point out the relation between the subspace methods and work
done by Rieger and Lawton [74] with respect to determining translational direction,
T~ . Two points ~x1 and ~x2 that image to the same point ~x but di er in their depths will
have di erent motion eld vectors. Rieger and Lawton noted that the di erence in
their motion eld vectors will describe a line in the image plane that passes through
the FOE. Their method involves taking neighbouring2 image points and measuring
the di erences in the ow vectors, and tting these di erences to a line in the image
plane. By nding the intersection of these lines it is possible to estimate the FOE.
Subspace methods work in a similar fashion. The relation
#
!
"
K
K
X
X
c
f
ik
~ = cik X (~x ) T~  ~xk = T~  f X (~x ) ~xk
k=1

3 k

k=1

3 k

shows that ~ is a vector orthogonal to the translational direction, T~ . The constraint
~ de nes a plane, containing T~ , which intersects the image plane in a line. This line
will therefore intersect the FOE. The linear constraint ~ can be thought of as the
error in interpolating the function ~u(~xk )  ~xk by a quadratic polynomial in image
location. To illustrate this point, consider using the function
3
2
2
2
66 0 + 1x1 + 2x2 + 3x1 + 4x1x2 + 5x2 77
f^(~x; ; ; ) = 666 0 + 1x1 + 2x2 + 3x21 + 4x1x2 + 5x22 777
5
4
2
2
0 + 1 x1 + 2 x2 + 3 x1 + 4 x1x2 + 5 x2
Most optic ow algorithms return only a single ow vector for a given image location. By
choosing neighbouring ow vectors it is possible to approximate the ow-di erence vectors.
2
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to interpolate the function f~(~x) = ~u(~xk )  ~xk . Let G = [f~(~x1); . . . ; f~(~xK )] be a
measurement of f~ at K points. A least-squares solution for the parameters [~ ~ ~ ] is
given by
 ,1
[~ ~ ~ ] = FF T FGT
where
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Assume that F is of full rank and that K > 6. This gives F T [~ ~ ~ ] = G^ T . If one
de nes e = GT , G^ T and choose ~c 2 null(F ), then it is simple to show that

eT ~c = G~c ;

(4:5)

where it is recognized that G~c = ~ . Therefore, the linear constraint ~ is a function
of the interpolation error. Note that the interpolation parameters ~ , ~ and ~ do not
appear on the right-hand side of Eqn. 4.5. This implies that the only part of the
interpolation error that is used to construct ~ is that part which is orthogonal to the
space spanned by the columns of F . This means that it is never necessary to explicitly solve for the interpolation parameters. A quadratic function will obviously be
capable of interpolating the rotational component perfectly, but given sucient depth
variation will be unable to do the same for the translational component. Therefore,
the interpolation error will be entirely due to the translational component.
The subspace methods are similar in avour to the method of Rieger & Lawton,
but have the advantage of being exact in the absence of noise.
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4.4 Relation of Subspace Methods
to the `E' Matrix
`E'-matrix methods have been presented in detail in Section 3.2. Subspace methods
are similar to `E'-matrix methods in that both use algebraic manipulation to factor
out the e ect of rotation from the observed visual motion. `E'-matrix methods are
di erent in that they are formulated for the case of discrete motion, as opposed to the
instantaneous case for which subspace methods have been derived.3 Discrete motion
can be described by
X~ 0 = RX~ + T~
where X~ and X~ 0 are the locations of a point before and after the motion, R is a
rotation matrix, and T~ is a displacement vector. (T~ should not be confused with
instantaneous translational velocity used elsewhere in this thesis.) Both methods
allow for straightforward recovery of the translational direction. Jepson & Heeger
[45] report improved performance of the subspace methods over `E'-matrix methods
in the presence of noise. Faugeras [21] also notes the sensitivity of the `E'-matrix to
noise. Weng et. al. [90] enumerate a number of cases that are problematic for the
`E'-matrix method. First, if the locations of the matched feature pairs used to recover
E lie on a quadratic containing the centre of projection of the camera at the time
the two images were captured, then the solution for E becomes degenerate. This is
not a large problem, as generally more than 8 points are used to recover E and the
increase in the number of points decreases the likelihood that the degenerate case
will be encountered. Second, in the event that jjT~ jj is close to zero, the recovery
of the translational direction is not reliable. This case is of interest when small
displacements are considered, such as optic ow. While the subspace methods will
not work for T~ = 0 (see below), the use of small displacements is acceptable. It
should be noted that the accurate estimation of optic ow is a more dicult task
than tracking features. Third, the error in estimating both translational direction
3

Attempts have been made to formulate subspace methods for the discrete case [88].
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and rotation increases as the translational direction deviates from the optical axis.
In other words, the method is more accurate for translation perpendicular to the
image plane. This manifests itself in the form of a bias towards the optical axis in
the estimates for translational direction, and is a problem shared with the subspace
methods. As was shown in Section 4.2.4, this bias can be removed when using linear
constraints.

4.5 Situations Where the Subspace Methods Fail
In this section situations where the subspace constraints will be insucient to determine if an object is moving independently will be discussed. From the form of the
linear constraints (Eqn. 4.2) and the bilinear constraints (Eqn. 4.1) it is seen that
when T~ = 0 there will be no constraint. In practice, noise will cause constraints
recovered in this case to be non-zero, but this can be handled by using a threshold
based on the SNR. Therefore, in the event that no translational motion is present,
it will not be possible to use subspace constraints to detect IMOs. The problem of
segmenting purely rotational motion elds in the presence of IMOs is considerably
less dicult, and is not considered in this thesis.
A more serious problem arises when the spatial extent of the IMO is small and its
motion generates a motion eld that is locally consistent with that of the background.
This can be stated more formally by requiring that the plane de ned by the translational velocities (observer relative to background and observer relative to object)
contains the image location vector of the object. In the event that the two translational velocities are parallel then a family of planes is de ned, and it is obvious that
one of these planes will contain the image location vector of the object. An example
of this is the case when an observer on a moving train watches a car moving along
a road parallel to the train tracks. In this situation the car presents a motion eld
that is parallel to the motion eld caused by the train's translation. The car may be
moving at a di erent speed and possibly even in the opposite direction. The ow from
the car is consistent with the ow generated by the background. This can be seen by
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considering a ~ constraint constructed from ow samples from the car. If the sign of
~u(~xk ) changes for every ow sample used to construct a linear constraint ~ , then the
constraint itself only changes sign, as can be seen from Eqn. 4.2. This means that the
linear constraint recovered from the car will be consistent with that recovered from
the background, and the linear and bilinear constraints will be insucient to identify
the IMO. The recovery of relative depth information (scene structure) may be used to
help resolve this ambiguity. Depth structure recovered using estimates of egomotion
can be expected to be inconsistent for IMOs. For example, if the car has the same
translation as the train and no rotation, then the observer perceives no image motion
related to the car. Since egomotion is non-zero, the only possible interpretation for
this region of zero ow, assuming that it arises from the static environment, is that it
represents depth structure at in nite distance. The observer would interpret this as
a moving \hole" in the road, and reject the interpretation as unrealistic.4 The case
of identical translation is a special one. In general, the recovered depth values for
IMOs incorrectly assumed to be part of the static environment will evolve (in time)
in a manner which is not consistent with the egomotion estimates. This allows for an
alternate method of identifying IMOs when subspace methods fail. This is discussed
in detail in Chapter 11.
In the event that the ow samples used to generate a linear constraint came
partly from the car and partly from the background, the information conveyed by
the constraint may change. However, in this case an underlying assumption of the
subspace methods is violated, namely that the ow samples all come from a rigid
environment. In image sequences containing IMOs one should expect this assumption
to be violated with regularity. In the next section this case is considered.
4

Note that this requires contextual knowledge on the part of the observer.
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4.5.1 E ects of Independently Moving
Object Boundaries
The discussion of subspace methods thus far has ignored a basic assumption made by
the subspace methods. This assumption is that the motion parameters T~ and ~ de ne
the motion of the observer relative to a static environment (rigidity assumption).
This assumption is violated when considering real image sequences which contain
IMOs. It is therefore necessary to consider the consequences of violating the rigidity
assumption.
The subspace methods assume that the bilinear constraints which are combined to
generate a linear constraint represent the images of points which are all moving with
the same relative 3-D velocity with respect to the observer. In a static environment,
where everything is stationary except for the observer, this requirement is satis ed.
However, to analyze image sequences in which there is independent object motion, it
is necessary to understand what happens when bilinear constraints from both background and IMOs are combined. It can be shown [45] that, for a rigid environment,
the following relation holds:
"
K
~
#
X
f
(4:6)
~ = ck X (~x ) T  ~xk :
k=1

3 k

This will facilitate an understanding of what happens when linear constraints are
generated across a boundary of an IMO. The discussion which follows assumes that
the IMO has no rotational motion with respect to the background. If it did, then
the ck would fail to cancel the rotational terms. Although it is not generally the case
that the IMO will have no rotation with respect to the background, the following
analysis will still provide insight into the formation of linear constraints across IMO
boundaries. Consider the case where the sampling points represent ow from the
background and an IMO. The translational velocity of the background with respect
to the observer is T~back and the translational velocity of the object with respect to
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the observer is T~obj . De ne the characteristic function
8
>
< 1; if ~x represents a point on the background
(~x) = >
: 0; if ~x represents a point on the object
and also T~r = T~obj , T~back . Eqn. 4.6 can be rewritten as
K " f


#
X
~
~
~ = ck X (~x ) (~xk )Tback + (1 , (~xk )) Tobj  ~xk :
k=1

3

k

(4:7)

Rearranging terms it is possible to write

T~back + (1 , )T~obj = 12 T~back + T~back , 12 T~back + 12 T~obj + 12 T~obj , T~obj
1 
h~
i 1  ~
1
~
= 2 Tback + Tobj + 2 ,  Tobj , 2 ,  T~back
h~
i 1  ~
1
~
= 2 Tback + Tobj + 2 ,  Tr
and by inserting Eqn. 4.8 into Eqn. 4.7 the following relation is obtained,
#

K " f 1
X
1
~
~ = 2 [~back + ~obj ] + ck X (~x ) 2 , (~xk) Tr  ~xk
k=1

3 k

(4:8)

(4:9)

where ~back and ~obj are the constraints that would have been recovered if only the
background or object motions (respectively) existed. The relative translation of the
object with respect to the background is given by T~r = T~back , T~obj . At the two
extremes, it is seen that the generated constraints are those that would be expected
for the individual motions alone. In general, the resulting constraint is the average of
the two, plus an additional term which depends on the relative velocity of the object
to the background. In practice it is observed that many of these constraints lie near
the average constraint 12 [~back + ~obj ], suggesting that the second term in Eqn. 4.9 is
often small in comparison to the rst term.
If a priori segmentation information is available, the constraints can be generated
using custom sampling geometries that never cross boundaries of IMOs. Generation
of the required ~c coecients is straightforward once the sampling geometry is known.
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4.6 Summary
In this chapter the use of subspace methods to generate linear and bilinear constraints on 3-D image motion has been described. The underlying assumptions of
subspace methods have been considered, as well as the e ect of noise on the derived
constraints. The presence of IMOs violates the rigidity assumption, and any linear
constraints generated across an IMO boundary must be considered erroneous. A
quantitative description of the e ect of IMO boundaries on constraint generation is
given, a ording insight into the expected nature of these constraints. A comparison of
subspace methods with the methods of Rieger & Lawton [74] and also the `E'-matrix
methods shows that the methods have much in common, although they are by no
means identical. Cases in which subspace methods are insucient to detect IMOs
are detailed.
It is proposed that linear and bilinear subspace constraints are suitable for clustering to perform motion segmentation. This allows motion segmentation based on
3-D motion, rather than on the discontinuities found in 2-D image motion. This is
an important ability in systems which need to navigate in unknown environments.
It now remains to describe a method for performing segmentation of constraints. In
the next chapter, the concept of mixture models is presented as a suitable vehicle for
performing this segmentation. The EM-algorithm is proposed for the calculation of
mixture proportions and parameters of the individual process distributions.
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Chapter 5
Mixture Models & The
EM-Algorithm
In Chapter 4 the use of subspace methods for generating constraints on the 3-D motion
parameters (translation and rotation) underlying an optic ow eld measurement was
discussed. One underlying assumption of the methods was that the ow eld was due
to an observer moving in a static (rigid) environment. When one considers image
sequences containing IMOs, this assumption is no longer valid. If the segmentation of
the image were known a priori, according to which parts of the image belong to the
static environment and which parts belong to IMOs, it would be possible to generate
constraints accordingly and recover the motion parameters for these di erent regions.
Conversely, if the number of IMOs and their velocities relative to the observer were
known, determining the segmentation of the image would be considerably simpler.
Unfortunately, neither information is available for use. In this thesis I make use of a
statistical concept known as mixture models to attempt a simultaneous solution for
segmentation and motion parameters.

5.1 Mixture Models
Mixture models are a class of statistical models used when a set of observations may
have more than one underlying process, i.e. any given data point in the set will
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have been generated by one of several processes [64]. In general, it is not known
which observations have been generated by which process, nor are the parameters
of the individual processes known. In this case, a mixture of distributions is used
to model the data, with each process1 having its own distribution and parameters.
It is assumed that the form of the underlying distributions is known, as well as the
number of distributions. The general formulation for a mixture of distributions with
observations x and parameters  is

p(xj) =
m
X
j =1

m
X
j =1

j pj (xjj )

j = 1

0 i  1
where m is the number of distributions in the mixture, fj gmj=1 are the mixture
proportions of the distributions, and pj is the j th probability density with parameters
j . Given a set of observations fxigni=1 one would like to i) estimate the parameters
for each underlying distribution, and ii) determine the probability that a given data
point is the result of a given process. The second objective is commonly referred to
as clustering.
It was noted above that the number of distributions in the mixture was assumed
to be known in advance. This is not always the case. Testing for the number of
processes in a mixture is a dicult and, in general, unsolved problem [64]. In a
speci c problem, however, it may be possible to use domain-speci c information to
estimate the number of processes.
The speci c application of mixture models to the problem of 3-D motion segmentation will be discussed next.
1

The processes are also referred to as populations or modes.
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5.2 Application of Mixture Models
to Motion Segmentation
In using mixture models to assist with motion segmentation, constraints on 3-D motion (both bilinear and linear) will be used as the observed data, and the parameters
of the mixture distributions will include the motion parameters. If linear constraints
are used then T~ is included as a parameter in the underlying distribution. In the
case where the data are composed of bilinear constraints both T~ and ~ are used.
In each case a uniform distribution will be used to model outliers, and when tting
the mixture model to the linear constraints will attempt to estimate the number of
processes in the mixture by examining the structure of constraints assigned to the
outlier distribution.

5.2.1 Segmentation of Linear Constraints to Recover T~
In this section the form of the distributions to be used when attempting to t a
mixture model to the linear constraints will be proposed. The use of a mixture model
requires that the form of the distribution be speci ed in advance. If one considers
n oM
a mixture involving M underlying translations T~j j=1, then the probability density
function (PDF) for constraint ~ is taken to be

X
p(~ jT~1; 1 . . . T~M ; M ) = 0p0 + j p(~ jT~j ; j )
M

M
X
j =0

j =1

j = 1

(5:1)

0 j  1

n oM
where the variances j2 j=1 will depend on the noise in the optic ow used to generate
the linear constraints. The parameters j and (T~j ; j ) are unknowns and can be
estimated.
Now consider the form of p(~ jT~j ; j ). The ~ constraints are derived to be orthog54

onal to the translational motion, T~ . The following PDF is proposed, de ned over the
surface of the unit sphere (i.e. ~ and T~ are unit vectors):
8 T 29
<
~ =
p(~ jT~j ; j ) = 1 exp :, (~ T2j ) ;
j
(5:2)


4
= 3  2:0 + expf,1=j2g :
The form of the PDF requires some explanation. The term ~ T T~j represents the
deviation from the desired orthogonal relationship between T~j and the constraint ~ .
A Gaussian model is used for this deviation, or error. The choice for is determined
subject to the condition that the function must integrate to unity over the surface of
the unit sphere. Figure 5.1 shows a graphical representation of this function on the
unit sphere. Note that the constraint T~ T ~ = 0 also admits the possibility of ,T~ .
Based on the noise analysis of Section 4.2.4 it would be appropriate to replace
j2 in Eqn. 5.2 with T~jT C T~j to represent the anisotropic noise distribution in the ~ .
Here, C is a covariance matrix of form similar to the matrix M in Eqn. 4.4. However,
in an e ort to keep the model simple (and linear) the PDF described in Eqn. 5.2 is
adopted. For the purposes of clustering ~ constraints this appears sucient, and nal
estimates for T~j can be corrected after the clustering is complete.
Eqn. 5.1 contains the term 0p0. This term is meant to model outliers in the
data, as in Jepson & Black [43]. The outlier distribution is modelled by a uniform
distribution, p0 = 1=4.
Given a mixture of distributions for our motion processes and a constraint, it
is possible to calculate the probability that a constraint belongs to a given process.
This is useful because it is necessary to be able to identify which constraints belong
to which motion processes in order to perform segmentation and also estimate motion
parameters for a process. The need for ownership probabilities will become clear when
the `M'-step of the EM-algorithm is discussed in Section 5.3. Denote the probability
that ~i belongs to process j by sij . It may be calculated as

sij = j p(~i jT~j ; j )=p(~i jT~1; 1 . . . T~M ; M ) :
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(5:3)

Figuren 5.1: The displacement
from the sphere demonstrates the function p(~ jT~ ) =
o
1 exp ~ T T~ T~ T ~ = 2 ; = 4  (2 + e,1=2 ). This function is used for determining the
3
probability that a linear constraint belongs to a particular translational direction.
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5.2.2 Segmentation of Bilinear Constraints to Recover
and ~

T~

Determining the probability of a given bilinear constraint follows a similar approach
to that in the previous section. In referring to a bilinear constraint the ow estimates
and their image locations, f~uk ;~xk gKk=1, are speci ed. The probability of a constraint
n
oM
with respect to a mixture of motion processes, T~j ; ~ j j=1, is

X
p(~uk j~xk ; T~1; ~ 1; 1 . . . T~M ; ~ M ; M ) = 0p0 + j p(~uk j~xk ; T~j ; ~ j ; j )
M

M
X
j =0

j =1

j = 1;

0  j  1 :

(5:4)

This is the bilinear equivalent of Eqn. 5.1. The variances and mixture proportions
in this equation are di erent than those in the linear case, but we will use the same
terminology to avoid introducing new symbols.
The PDF relating a bilinear constraint to a particular motion process is:
8
9
T
2
<
~
~
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T
(
~
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(
~
u
)
+
B
))
(5:5)
p(~uk j~xk ; T~j ; ~ j ; j ) = p 1 exp :, 2  j~ k k 2 ~k j 2 ;
2j
2j [Tj  ~xk ]1 + [Tj  ~xk ]2
where [T~  ~x]p is the pth component of T~  ~x. The PDF is a Gaussian whose argument
is the deviation of the constraint, evaluated at T~j and ~ j , from zero. Ownership
probabilities are calculated as in Eqn. 5.3, substituting the bilinear distributions for
the linear ones.
The form of Eqn. 5.5 requires some explanation. The bilinear constraint can be
written as (T~  ~x)T ~u + (T~  ~x)T (~x  ~ ) = 0. This is the equation of a line L in
the space de ned by (u1; u2), the non-zero components of ~u. The line is de ned by
the values of T~ and ~ . For a given constraint line one is interested in the minimum
distance from the measured ow vector ~u0 to the constraint line (see Figure 5.2). This
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u2
L
d
~u
u1
Figure 5.2: The error measure used in determining ownership for bilinear constraints
is the minimum distance from the measured ow vector ~u0 to the constraint line L
de ned by the values of T~ and ~ .
distance is given by
0
0
T
~
~
~
~
d = [T  ~x]1u1 +q [T  ~x]22u2 + (T 2~x) (~x  ) :
[T~  ~x]1 + [T~  ~x]2

It is seen that Eqn. 5.5 is just a Gaussian PDF in the variable d. The term



2 [T~  ~x]21 + [T~  ~x]22
turns out to be equivalent to the quantity T~ T C T~ for the covariance matrix de ned
for a single constraint, and assuming zero-mean additive noise in the ow.

5.3 The EM-Algorithm as a Solution
The concept of a mixture model provides a powerful tool for modelling complex data.
In order to obtain estimates for the process parameters and mixture proportions it
is necessary to proceed carefully. If the ownership probabilities for each constraint
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were known, it would be a straightforward matter to estimate the optimal parameters
for the corresponding motion processes. Conversely, if the motion process parameters were known it would be straightforward to estimate the ownership probabilities.
However, attempting to simultaneously estimate ownership and process parameters
is not as simple. Furthermore, it is necessary to contend with outliers in the data,
such as those that occur when a linear constraint is formed from ow samples that
cross independent moving object boundaries.
Researchers solving problems of this nature have turned to a technique known as
the EM-algorithm [15, 64]. The EM-algorithm is an iterative, 2-step method where
\EM" stands for expectation & maximization , the two basic steps involved.
The algorithm starts with an initial guess for the motion parameters. The expectation step assigns an ownership probability for each constraint to each motion
process on the assumption that the current motion parameters are the correct ones.
The mixture proportions are also estimated at this time. The maximization step
solves for the motion parameters on the assumption that the assigned ownership values are correct. Exact details of how this is done for the motion models is given in
the next chapter. Each expectation-maximization pair constitutes one iteration of the
algorithm. Dempster et. al. [15] have shown that each iteration of the EM-algorithm
is guaranteed to improve (or, at worst leave unchanged) the likelihood of the model.
The likelihood, in the linear-constraint case for example, is given by

L(T~1; 1 . . . T~M ; M ) =

N
Y
i=1

p(~ijT~1; 1 . . . T~M ; M ) :

(5:6)

The case in which the likelihood is left unchanged corresponds to having found a local
maximum in the likelihood function.
No results are given for the rate of convergence to a maximum likelihood point,
although methods for decreasing the cost of each iteration have been proposed [65].
Also, there is no guarantee that the EM-algorithm will converge to a global maximum.2
2 In fact, given that a typical likelihood function will be quite nonlinear in terms of the estimated
parameters, it is most likely that a randomly chosen initial guess would lead to a local, and not
global, maximum being obtained.
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5.4 Summary
In this chapter the concept of a \mixture of distributions" was presented as a tool for
modelling image motion containing egomotion and IMO's. The EM-algorithm provides an iterative method for performing simultaneous segmentation and parameter
estimation. As the reader will see, mixture models and the EM algorithm provide
an elegant framework in which to perform 3-D motion segmentation. In the next
chapter the details of implementing the EM-algorithm for subspace constraints are
considered. Some of the problems inherent in the EM-algorithm, speci cally the matter of determining initial guesses and the number of distributions, will be presented
and discussed in the context of the problem at hand.
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Chapter 6
3-D Motion Segmentation
In Chapter 5 mixture models and the EM-algorithm, and their application to the problem of motion segmentation, were discussed. The probability of a given constraint
(linear or bilinear) given speci c motion parameters was used to develop a sense of
\ownership" of a constraint by a motion process. In this chapter the details pertaining to the \M"-step of the EM-algorithm will be re ned. The EM-algorithm, while
extremely useful in determining process parameters and their mixture proportions,
has inherent diculties. The likelihood function for a given mixture of distributions
will almost certainly be nonlinear. Since methods for optimizing nonlinear equations
seldom guarantee that a global maximum or minimum will be achieved, the initial
guess for the motion processes and mixture parameters is critical. Also, the problem
of deciding on the number of distributions in a mixture is a dicult and, in general,
unsolved problem [64]. Both of these issues are discussed in this chapter.

6.1 Clustering Linear Constraints
First consider the clustering of the linear constraints. These constraints allow solution
for translational direction independent of rotation. The linear constraints will also be
used to determine the number of motion processes. Once estimates for the number of
translational motions and their directions have been made, it is possible to generate
initial estimates for the rotations of each process. Estimates for both T~ and ~ may
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be further re ned by clustering the bilinear constraints.

6.1.1 Estimating Motion Parameters
The \M"-step of each iteration of the EM-algorithm attempts to estimate the translational direction of each process. The data are the weighted linear constraints,
fwi~igNi=1. Recall that the \E"-step generates estimates of the probability that the
ith constraint belongs to the j th process, namely sij . With the inclusion of ownership
probabilities, Eqn. 4.3 is modi ed to become
PN s w2~ ~ T
(6:1)
Dj = i=1PNij i i i :
i=1 sij
The translational direction T~j belonging to the j th process is then estimated by the
eigenvector corresponding to the minimum eigenvalue of Dj .

6.1.2 Estimating Variances
In the ownership function of Eqn. 5.2 a variance j2 is used to help determine the
ownership of constraint i by process j . This variance is also determined during the
\M"-step using the relation
PN s (~ T T~ )2
2
(6:2)
j = i=1PNij i j :
i=1 sij
Note that this expression, like Eqn. 5.2, is independent of the weights wi. This is
due to the fact that it is only the angle between ~i and T~j that a ects the ownership
probability, and not the magnitude of wi~i.

6.2 Generating Initial Guesses
It has been shown how the parameters of a motion process are updated during each
iteration of the algorithm, but has yet to be discussed how to generate the initial
guesses. A poor choice of initial guess for motion parameters may lead to slow con62

vergence, or convergence to a local, not global, maximum of the likelihood function.
It is therefore important to generate a good initial guess. One can do this by solving
as if only one process existed. Initial guesses for translational direction can be made
by assuming the linear constraints represent a single translational motion and solving
for T~ as described in Section 4.2.3. Speci cally, solve for the eigenvector corresponding to the smallest eigenvalue of D as in Eqn. 4.3. This results in T~1. It is possible
to estimate 12 using Eqn. 6.2 with si1 = 1 for i = 1 . . . N . Since the entire set of
~i may contain other processes and outliers this estimate for 12 is likely too large|
therefore for an initial guess it is reduced by half. By using a mixture model with two
processes, one for outliers and one for the dominant translation process, it is possible
to re ne this estimate and determine outliers. Assuming that constraints generated
by any other motion processes will be assigned ownership to the outlier process, the
outlier population is then probed for evidence that other translational motions exist.
This procedure continues until no new processes can be found. Estimates for process
variances can be made in the same way, but since the outlier population may contain
multiple processes as well as bona de outliers, one expects these estimates to be too
large.
Since we now possess an initial guess for T~1 and 12, the EM-algorithm is used with
two processes to classify the ~i as belonging to either T~1 or the outlier population.
As will be shown in Section 6.3, it is possible to examine the structure of the outlier
population to determine if other processes exist.

6.3 Splitting Processes
It is necessary to determine the number of processes in the 3-D motion estimation
problem. It was mentioned earlier that this is, in general, a dicult problem. In
the context of 3-D motion segmentation, however, it may be possible to use domainspeci c information to determine the number of processes. As outlined in the previous
section, it is assumed that there is at least 1 process (this will usually be egomotion).
Any data which do not support this process are deemed to be \outliers". Next,
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probe the structure of the outlier process to see if there is evidence that a second
process exists. Whenever all the underlying motion processes are not represented, it
is assumed that some or all of the constraints belonging to unrepresented processes will
be assigned ownership to the outlier population. If there is evidence for a new process,
the hypothesis is revised to include this new process and re-cluster the data. After
re-clustering, again examine the new outlier population to see if there is evidence
for yet another process. This continues until there is no longer any evidence for
new processes, or until new processes stop being unique. In short, the approach is
to examine the structure of the outlier population after each clustering in order to
decide if there is evidence for another process, and if so to generate an initial guess for
that process. The problems of generating initial guesses and determining the number
of underlying processes are seen to be related.
In order to examine the structure of the outlier population calculate D0 according
to Eqn. 6.1 and examine its eigenvalues, 1  2  3. It is expected to nd one of
three cases.
1. The smallest eigenvalue is signi cantly smaller than the other two (1  2 
3). This indicates the possibility of one new translational direction, i.e. the
outlier population constraints form a great circle1 on the unit sphere. This initial
estimate for this single direction is given by the eigenvector corresponding to
3.
2. The two smallest eigenvalues are of similar size as compared to 1, (1  2 
3). This indicates that the constraints are clustered in a small region on the
unit circle in a roughly circular pattern. In this case there is an entire plane
of possible directions for T~ . This plane will be de ned by the eigendirections
corresponding to 2 and 3.
3. All eigenvalues are of roughly equal magnitude (1  2  3). This suggests
that the constraints in the outlier population are distributed approximately
1

Considering noise, a more likely approximation is that of a attened (pancake-like) ellipsoid.
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uniformly over the surface of the unit sphere. There may or may not be unique
underlying translations, but there is no indication of a preferred direction for
T~ .
In order to distinguish between the rst two possibilities, compare 2 to the gep
ometric mean of the largest and smallest eigenvalues, 13. In the rst case one
new translation processs added, de ned by the eigenvector corresponding to 3. In
the second case two new translational directions de ned by the eigenvectors corresponding to 3 and 2 are added. The addition of a new translational direction to
the model requires that a new process be included in the EM iterations. A variance
for each new process is estimated based on the constraint ownerships for the outlier
population and Eqn. 6.2. The EM-algorithm is performed on the model that includes
the new process(es), with the initial values for the old processes being the same as
their nal values before splitting took place. This \splitting" of the outlier population
continues until either the mixture proportion of the outlier population 0 becomes
too small, indicating it has ownership of few constraints, or until the new translational processes cease to be unique as compared to the processes already existing.
This comparison takes place at the end of clustering (i.e. at the conclusion of the
EM-algorithm), and is accomplished by comparing p(T~j jDj ) to p(T~ljDj ), where l is
the index of the newly added process. The comparison involves Dj , the D matrix
constructed from the constraints owned by process j . The newly added process l is
compared to all the previous processes. The comparison function is de ned as

n
o
p(T~ jD) = 1 exp ,T~ T DT~
= 43 (e,1 + e,2 + e,3 )

(6:3)

where the i are the eigenvalues of D. One recognizes T~ T DT~ as the residual error
of the estimate T~ with respect to the constraints which compose D. Ideally this
residual is zero, but in the presence of noise it will be greater than zero. The use of
the negative of this residual as the argument to an exponential will give a Gaussianshaped distribution on the surface of the unit sphere. When the rank of D is 1 the
65

distribution is a Gaussian ridge along a great circle along the unit sphere. When the
rank of D is 2, it is two 2-D Gaussian surfaces located at opposing points on the
sphere. The factor is chosen so that the integral of p(T~ jD) over the unit sphere is 1.
Each new process is therefore compared to each of the previously-existing processes.
When a newly-spawned process is deemed too similar to an already existing one,
they may be merged. A new process that \owns" too few constraints at the end of
clustering may be deleted.
A summary of the splitting algorithm is as follows:
1. Start by assuming a single translational process. An estimate of its translational
direction is calculated by using Eqn 4.3 and nding the eigenvector corresponding to the minimum eigenvalue of D. Note that using Eqn 4.3 is tantamount
to assuming that all constraints belong to this process with probability 1. An
estimate of variance is computed, and since it is likely too large it is reduced.
2. Use the EM-algorithm to cluster constraints between the single translation process and an outlier population. The outlier population is modelled as a uniform
distribution over the unit sphere.
3. Examine the outlier population for evidence of other translational directions.
This is done by forming D0 according to Eqn. 6.1. Note that the quantity si0 is
the probability that the ith constraint belongs to the outlier population. The
eigenvalues of D0 are computed.
4. Check to see if 1  2  3. If so, no new translational directions are added
and the splitting process is done.

p

5. If 2 > 13 then add one new translational direction. The initial estimate is
the eigenvector corresponding to 3. Estimate a variance using Eqn. 6.2 where
T~j is the new translational direction and sij is replaced by si0.

p

6. If 2 < 13 then add two new translational directions. The initial estimates
are given by the eigenvectors corresponding to 3 and 2. Calculate estimates
of variances for these processes as described in the previous step.
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7. Repeat clustering using the EM-algorithm and the new processes.
8. Check the new processes. If they are too similar to existing processes then merge
them with the appropriate processes.2 If a new process has too little support,
i.e. its mixing proportion falls below some preset threshold, then discard it. In
either of these cases the splitting process is complete.
9. If none of the new processes were merged or discarded, then go to Step 3 and
continue.
The splitting process is repetitive and terminates when new processes cease to be
unique or garner too little support. Once the process terminates, it is hoped that the
number of IMOs in the scene has been identi ed. Once the clustering is complete, it
is possible to correct for the anisotropic nature of the noise associated with the linear
constraints.

6.4 Clustering Bilinear Constraints
Once the linear constraints have been clustered, an estimate for the number of motion
processes as well as their translational directions exists. It is now possible to use the
bilinear constraints to re ne estimates of the T~j as well as to estimate the associated
~ j . It is hoped that improved estimates may be obtained by clustering the bilinear
constraints: the linear constraints may be contaminated by being generated across
boundaries of IMOs, whereas the bilinear constraints will not have this problem.3

6.4.1 Generating Initial Guesses for Rotation
The nal estimates for translational directions from the linear constraint clustering
can be used to generate initial estimates for the rotation parameters. The number of
Merging two processes is accomplished by combining their ownership weights, and calculating a
new D matrix for the process. From this a new T~ and variance can be estimated.
3 This assumes, of course, that the integration of 2-D motion constraints to recover optic ow was
done properly.
2
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processes is now xed. For each T~j we calculate a least-squares estimate for ~ j :

~j =

K
X
k=1

BkT T~j T~jT Bk

!,1 X
K
k=1

BkT T~j T~jT~ak :

(6:4)

Unfortunately, the ownership values for the linear constraints cannot easily be transferred to the bilinear constraints. This is due to the fact that, in general, more than
one bilinear constraint is used to generate a linear constraint, and that a particular
bilinear constraint may be used in the estimation of more than one linear constraint.
Therefore, the initial estimates for rotation are done using all constraints. The results
obtained by segmenting with these initial estimates seem good.

6.4.2 Estimating Motion Parameters
In the \E"-step ownership probabilities for constraint k to process j are calculated
and denoted by skj . In order to update the estimates for T~ and ~ based on these
ownership probabilities it is necessary to minimize the function
K
h 
i2
X
f (T~j ; ~ j ) = skj T~jT ~ak + Bk ~ j
k=1

kT~j k = 1

(6:5)

subject to the constraint on T~j and holding the skj 's xed. This is a problem in nonlinear optimization, and can be solved using a variety of algorithms [16]. One method
is to use a Newton-Raphson algorithm to perform the minimization, incorporating
the method of Lagrange multipliers [28] to to enforce the constraint jjT~j jj = 1.

6.4.3 Estimating Variances
The variances j2 used in the ownership functions of Eqn. 5.4 for the bilinear clustering
are estimated once the motion parameters have been updated. The variances are
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p0

,
Figure 6.1: The value of p0 is chosen to give an ownership probability of 0:5 to a point
lying a distance of  from the centre of the distribution. This is done by assigning
p0 the value of the distribution at that point. In the case of multiple distributions,
the largest value of j is used.
estimated according to the relation

PK s hT~ T ~a + B ~ i2
kj
k
k j
j2 = k=1 PjK
:
s
k=1 kj

(6:6)

The initial guess for j2 can also be generated via this equation by setting skj = 1 for
k = 1 . . . K . As with the initial estimate for the variances used in the linear clustering,
it is likely that this variance estimate will be too conservative. Again, decrease the
initial estimate by a factor of 2.

6.4.4 Choice of p0
The choice of the constant p0 in Eqn. 5.4 deserves mention. It is chosen to give an
ownership probability of 0:5 to a point which lies  standard deviations away from
the centre of the main distribution. Therefore, the value of p0 will change as the j 's
change. Figure 6.1 gives a graphical interpretation of this. This technique is similar
to one used by Jepson & Black [43]. In the presence of multiple non-outlier processes,
choose the largest process variance to perform the calculation.
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6.5 Recovering Depth Estimates
As indicated by the discussion of recovery of structure from motion in Chapter 4,
it is possible to estimate the scene structure given an estimate for T~ and ~ . This
recovery of structure can assist in dealing with ambiguous motions, as will be seen in
Chapter 11.
As can be seen in Eqn. 2.2, the inverse-depth term 1=X3 (~x) is multiplied by the
translation T~ . This means that T~ or 1=X3 (~x) can only be recovered up to a multiplicative constant. As mentioned earlier, it is only possible to nd the translational
direction, T~ , such that kT~ k = 1. When recovering depth information one must be
content to recover relative depth, not absolute depth.
From Eqn. 2.2 observe that the relation for relative depth may be written as
h
i
T ~v(~x) , ~  ~x
~
(
P
(
~
x
)
T
)
f =
(6:7)
X3
kP (~x)T~ k2
where ~v(~x) is the depth-scaled projected velocity introduced in Section 2.3.1. The
quantity ~v is related to ~u by ~v(~x) = P (~x)~u(~x) where the operator P (~x) = I ,~x~xT =k~xk2
performs a projection onto a sub-space orthogonal to ~x. Here a single multiplicative
factor is assumed to be applied to all X~ to account for having rede ned kT~ k = 1.
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Chapter 7
Interpretation of Motion
Constraint Clusters
One may not always be so lucky as to have linear constraints which de ne great circles
on the unit sphere. A more likely scenario is that the constraints will form sub-clusters
on a given great-circle. In this event, clustering with an algorithm that only looks
for great-circles may not give the best results. Figure 7.1 shows a speci c case in
which two clusters representing distinct translational directions might be confused
by segmenting only with respect to great circles. It is possible to further segment
constraints that are consistent with a great circle, once the great circle has been
identi ed. To do this it is not only required that the constraints are orthogonal to
the desired translational direction, T~ , but that they lie close together on the surface
of the unit sphere. This can be accomplished by requiring ~ T L~  1, where L~ is a
\location vector" describing the location of the sub-cluster on the unit sphere.
It is convenient to de ne a new vector, L~ ? = L~  T~ , since one can apply the more
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T~A

T~B

Cluster `A'

Cluster `B'

Figure 7.1: This gure shows two clusters of constraints labelled A and B. Cluster A
de nes a translational direction T~A which is in a di erent direction than T~B de ned
by cluster B. However, if cluster B has a small spatial extent and happens to lie across
the great circle de ned by cluster A, it may be assigned ownership as if it belonged
to cluster A. In this case, the use of small, localized cluster ownership functions is
necessary to di erentiate between these unique translational directions.
familiar constraint ~ T L~ ? = 0. The ownership function used is

n
o
p(~ jT~ ; L~ ? ) = 1 exp ~ T D~
~ ~T ~ ~T
D = TT2 + L?L2 ?
T
?
4
= 3 (1 + expf,1=T2 g + expf,1=?2 g) :

(7:1)

An example of this function for T = 0:03 and ? = 0:2 is shown in Figure 7.2.

7.1 Finding Clusters Using the EM Algorithm
In Chapter 6 the problem of segmenting linear constraints using the EM algorithm
was considered. The PDF used to calculate ownership values for constraints was based
on the model of great-circles of constraints which represented a single translational
direction. Now consider the problem of nding clusters of constraints as de ned in the
previous section. The PDF de ned in Eqn. 7.1 is employed to de ne the ownership of
a constraint to a cluster process. Each translational process gives rise to some number
of cluster processes1. The exact number of cluster processes is not important, but it
should be greater than the number of clusters expected. Each cluster process takes
1

In this work, 3 cluster processes are generated for each translational process.
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Figure 7.2: Spherical Gaussian (Rank = 2) This gure demonstrates the function
used for determining the probability that a linear constraint belongs to a particular
translational direction and a particular location on the unit sphere.
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the translational direction of its spawning great circle as an initial estimate for T~j .
The values of L~ j are uniformly distributed around the great circle. Estimates for T
can also be taken from the spawning translational process, and values for ? are based
on the spacing of the L~ j around the great circle. The values for both T and ? are
updated during each M-step based on the population of constraints assigned to the
process and their deviation from the values estimated for T~j and L~ k . It is now possible
to apply the EM algorithm. Note that the number of cluster processes remains xed
until the EM algorithm completes. At that point in time, clusters can be merged based
on both their translational directions and location vectors. It is important to note
that two clusters with similar location vectors but di erent translational directions
represent two separate clusters: this is what might be expected at the intersection of
two great circles which represent distinct translational motions.
Each cluster does not necessarily represent a distinct translational motion. There
may be multiple clusters aligned along a great-circle representing a single motion, just
as there may be multiple clusters at a single location representing multiple motions.
The interpretation of clusters so as to hypothesize about the motions they represent
requires further consideration.

7.2 Individual Clusters Give Only Weak Support
Assume a cluster which is characterized by T~ , T , L~ ? and ? . By the de nition of T~ ,
it will always be true that T < ?. It is possible think of a cluster as an ellipse on
the surface of the unit sphere: its centre is de ned by L~ , it's orientation is given by T~ ,
and its eccentricity is de ned by T and ? (see Figure 7.3). This cluster may or may
not provide strong support for the translational direction T~ . For example, consider
the case where T  ?. The direction L~ ? is as likely a translational direction as is T~ ,
and this cluster only constrains the translation to lie near the plane containing T~ and
L~ ? . On the other hand, if T  ? then T~ becomes a much more likely translational
direction than L~ ? . Therefore, a cluster of linear constraints becomes more powerful as
the ratio ?=T increases. It should be noted that the ownership function for clusters
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?
T
T  ?

T  ?

a)
b)
c)
Figure 7.3: This gure shows the ellipses of uncertainty associated with a cluster.
This ellipse de nes the region associated with one standard-deviation of uncertainty:
most constraints belonging to the cluster will fall in this region. a) The variance
T de nes the width of the minor axis, and that ? de nes the width of the major
axis. b) When T  ? there is a roughly circular region of uncertainty, and the
cluster does not strongly de ne a translational direction. c) If T  ? then the
cluster becomes elongated and de nes a translational direction much more clearly.
As ? ! 1 the cluster becomes a great circle.
given in Eqn 7.1 approaches that for great circles given in Eqn 5.2 as ? increases.
Just because a cluster may not uniquely de ne a translational direction does not
render its information useless. It is possible to combine information from di erent
clusters in order to hypothesize about the underlying translational motions.

7.3 BruteSac
In general one expects to recover a number of motion constraint clusters from an
image sequence. As was discussed in the previous section, each individual cluster
may not provide strong support for particular translational direction. It therefore
becomes necessary to combine the information provided by individual clusters in
order to hypothesize about underlying translational motions.
Assume that three clusters, which are all ambiguous about the exact direction of
T~ , exist. If the locations of the clusters do not all lie on a single great circle it may be
necessary to hypothesize 2 or more possible directions of translations. Each pair of
clusters gives rise to a di erent interpretation for translational direction. For example,
the rst two clusters support the translational direction T~12 = L~ 1  L~ 2. The ith and
j th clusters support the translational direction T~ij = L~ i  L~ j . In the case of three
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0 1
3
clusters there are B
@ CA = 3 possible interpretations. In general, for n clusters there
2
0 1
n
will be B
@ CA = (n2 , n)=2. It is expected to nd only a small number of clusters for
2
any image sequence, so evaluating all possible pairs is not too onerous. I term this
method of generating all possible motion hypotheses \BruteSac" after the \RanSac"
(random sample consensus) algorithm [17] which allows for random selection of data
points for clustering.
Each cluster can be thought of as a \super-constraint". Imagine that there are
5,000 constraints clustered around the direction L~ 1 = [0 0 1]T and 50 constraints
clustered around L~ 2 = [0 1 0]T . The translational direction can be estimated as
T~12 = L~ 1  L~ 2 = [1 0 0]T . In this approach each cluster is given equal weight. Had a
proportionally larger weight been given to the cluster with 5,000 constraints, the T~
direction associated with that cluster alone may have been choosen, which may not
be correct if the angular spread of constraints around L~ 1 is small and T1  ?1 .
By combining information from separate motion clusters it should be possible
to generate hypotheses about underlying translational motions. If the number of
clusters is reasonably small then all possible motions can be estimated. Next, it
becomes important to attempt an ordering of the hypothesized motions based on
likelihood.

7.3.1 Methods of Rank-Ordering Hypotheses
The hypotheses generated by considering constraint clusters in pairs may be ordered
according to their likelihood. Speci cally, for each cluster-pair it is possible to compare how well each cluster matches the translational direction suggested by the other.
This is illustrated in Figure 7.4. The pair of clusters in 7.4a) are more compatible
than those in 7.4b). As a result the pairing in 7.4a) would lead to a preferred interpretation over that from 7.4b). In the event that T  ? for both clusters in the
pair then it is not possible to make such a comparison, since T~ and L~ ? become interchangeable: in this case one would likely rank this con guration after pairs similar to
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a)
b)
Figure 7.4: This gure shows the comparison of pairs of clusters. Each cluster pair
can be examined for compatibility: the clusters in a) are very compatible since their
major axes are collinear indicating that they have the same preferred translational
direction, whereas the clusters in b) are less compatible since their major axes are
not collinear.
the case in 7.4a) but perhaps ahead of those in 7.4b).
In order to perform the ranking, note that each of the n clusters will have an associated T~j and Dj .2 One can compute the probability of the ith cluster's translational
direction with respect to the j th cluster by computing p(T~ijDj ) as in Eqn. 6.3. If
one generates the n  n matrix whose ij th entry is p(T~ijDj ), then each column corresponds to one cluster and how the translational directions of other clusters compare
to it. A \score" for each cluster can be generated by summing or multiplying the
elements of its column in the matrix. It is also possible to generate a log-likelihood
value according to
n
X
lj = log p(T~ijDj )
i=1

where lj represents the likelihood of the j th process. This may give a low scoring
when multiple motions exist: it may be more productive to consider only the two
or three largest entries in a column. Once a score is computed, the hypothesis can
be ranked according to score. The method outlined so far considers only hypotheses
which coincide with the translational directions computed for at least one cluster.
Additional hypotheses can be generated according to T~ = L~ i  L~ j and scored in a
similar fashion.
Observe that clusters of linear constraints may be considered pair-wise in order to
2 Note that the matrix D when used for comparing clusters is based solely on the linear constraints
j
and not on the location vectors.
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generate hypotheses regarding the translational motions in the scene. These hypotheses can be ranked according to their likelihood for the purposes of further processing.
Such processing may be performed by systems that incorporate other information
about the world (perhaps from context, perhaps from other sensor modalities).

7.4 Summary
In this chapter clusters of linear constraints have been considered. A cluster is de ned
as a group of constraints in close proximity on the surface of the unit sphere. It was
shown that the use of clusters can resolve situations which would fail to be detected
by requiring constraints to lie on a great circle alone. Individual constraints may
have only a weak preference for a particular translational direction, and therefore it
may be necessary to consider the information from a number of constraint clusters in
order to hypothesize about the underlying translational motions. Practical examples
of constraint clusters are shown in Chapter 8.
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Chapter 8
Results from Synthetic Sequence
In this chapter synthetic optic ow containing an IMO is analyzed. This allows
testing of the methods proposed for motion segmentation. I discuss how the synthetic
optic ow is created, and the results of clustering on the linear constraints. Results
from the anisotropic noise correction discussed in Section 4.2.4 are presented and
discussed, and nally a discussion of the e ects of xation on the linear constraints is
presented. Figure 8.1 shows two depth maps used to calculate synthetic ow according
to Eqn. 2.2.

8.1 Methods
8.1.1 Generation of Synthetic Flow
Synthetic optic ow can be generated through the use of a depth-map and Eqn. 2.2.
Each point in the depth map, ~x, has an associated depth, X3(~x). One can therefore
generate ~u(~x) for each point given a choice for T~ and ~ . In order to generate synthetic
ow containing an IMO, two depth-maps are used, each with di erent translational
and rotational velocities. Figure 8.2 shows synthetic ow generated with the depthmaps for the oce and a cube. The translation of the oce relative to the observer is
T~ = [ 1 0 1 ]T . The translation of the cube relative to the observer is T~ = [0 1 0]T .
A rotation has been added to simulate the observer \ xating" a point near the centre
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Figure 8.1: On top is a depth-map (Z-bu er) from a computer generated image of
an oce. Below is a depth-map for a cube. These two depth-maps can be used to
generate a synthetic ow eld containing an IMO.
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Figure 8.2: This gure shows synthetic optic ow generated from the depth maps
shown in Figure 8.1. The observer is moving with a translational velocity of T~ =
[1 0 1]T with respect to the background. The cube is falling, and has a translational
velocity of T~ = [0 1 0]T . A rotation has been added to simulate the observer xating
a point near the centre of the image.
of the image.1 The angular extent of the image is taken to be 45.
In order to make the ow eld more realistic, 10% random noise has been added
as u^(~x) = ~u(~x) + ~n. The noise component ~n was chosen from a 2-D isotropic normal
distribution having a standard deviation equal to 10% of jj~u(~x)jj. The noisy ow eld
is shown in Figure 8.3.

8.1.2 Generation of Linear Constraint Vectors
The ~ constraints are generated according to the convolution method of Jepson &
Heeger [46]. A 15  15 convolution mask is created by modifying a di erence-ofGaussians (DOG) function so as to satisfy

F~c = 0
The point chosen has image coordinates of (69,49) where (0,0) is the upper-left corner. This
corresponds to the top-left corner of the back of the chair.
1
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Figure 8.3: The same optic ow eld as in Figure 8.2, but with 10% random noise
added.
where F is a matrix constructed from the image sampling locations of the convolution mask. The null space of F is invariant under ane transformations of these
coordinates, so it is only necessary to generate the coecients once, and not each
time the convolution mask is moved. The DOG is chosen to have a centre standard
deviation of 1.5 pixels, and a surround standard deviation of 3 pixels. The ck are
normalized so that PKk=1 c2k = 1. As each ~ is generated, it is thresholded according
to its magnitude|those constraints with a SNR less than 5 are discarded. Since the
ow is simulated, one can use the following de nition of SNR [46],
SNR = jj~ jj
u

where

u2 =

K
X
k=1

c2k jj~u(~xk )jj2

is a weighted average of the magnitudes of the ow vectors used to construct ~ .
The SNR estimate is based on the assumption of 10% relative noise in the optic
ow, i.e.  = 0:1. Figure 8.4 shows the relative magnitude and image location of
the recovered constraints. Notice that regions containing depth discontinuities give
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Figure 8.4: This is a plot of the magnitudes of the ~ 's recovered from Figure 8.2. Regions containing depth-discontinuities give rise to the largest constraints. Constraints
having an SNR of less than 5 were removed.
rise to constraints with larger magnitudes. Approximately 3; 000 constraints were
recovered for this image.
The constraints, f~i gNi=1, each have an associated image location, f~xigNi=1. These
image locations are derived by a weighted sum of the sampling coordinates for the
convolution:
K
X
~xi = c2k ~xik
k=1

where f~xik gKk=1 are the sampling locations of the ith patch. The constraints and their
image locations form the input data to the clustering stage.

8.2 Results
8.2.1 Recovery of Processes
In Figure 8.5 the result of segmenting the constraints according to underlying translational direction (great circles on the unit sphere) is shown. The method used to split
processes and t process parameters to the \great-circle" model is as described in
Chapter 6. There are 4 processes recovered, but the 1st and 3rd processes are found
to be similar, and are merged according to the criteria speci ed by Eqn. 6.3. The
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Process 0 (outliers)

Process 1
Process 2
Figure 8.5: This gure shows the segmentation of the ~ 's based on translational direction. Process 2 clearly belongs to the background motion, whereas Process 1 has
garnered support from some of the constraints generated at the cube-background
boundary. The outlier population also has considerable support from these constraints, as well as some from the background.
support maps (ownership probabilities) shown in Figure 8.5 show the results after the
merging has been performed.
Table 8.1 shows the numerical values associated with the data in Figure 8.5.
Including outliers there are 4 processes recovered. Approximately 22:5% of the constraints were marked as outliers, while the remainder were split among 3 processes.
The parameters recovered for the rst and third processes are shown here prior to
being merged. Process 2 represents the background. It owns about 71:5% of the constraints, and has a translational direction that is roughly in the [ 1 0 1 ]T direction.
The deviation from the expected value is due to a bias, to be discussed later in this
chapter.
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Process 0
(outliers)
Mixtures 0.225157

T~


Process 1

Process 2

Process 3

0.009908 0.715241
0.049695
2
3 2
3 2
3
,
0
:
3510
0
:
5654
,
0
:
2146
64 ,0:0033 75 64 0:0013 75 64 ,0:0222 75
,0:9364
0:8248
,0:9764
0.0041

0.0632

0.0084

Table 8.1: This table shows the estimated parameters recovered by clustering the
linear constraints. Process 2 represents the background constraints. Process 1 and 3
were merged, and represent the cube- background outliers.
In Chapter 7 further breaking of translational processes (great circles) into clusters
is considered. For each of the translational processes recovered, initialize 3 clusters
evenly spaced around the corresponding great-circle. Therefore, this new segmentation starts with 6 processes (not including the outlier process). Segmentation into
clusters, along with merging of like clusters, gives the segmentation shown in Figure 8.6. In addition to outliers, 4 clusters remain after merging is complete.
Table 8.2 shows the results of this further segmentation. Processes 1, 3 and 4 appear to own most of the background constraints, with Process 3 having ownership of
65.8% of the total constraints. It should be noted that the processes discussed here do
not have a one-to-one correspondence with those of Figure 8.5 and Table 8.1. As one
would expect with this type of cluster, each process has one large singular value (eigenvalue) and two small ones. This indicates that the constraints in each process occupy
a small segment of a great circle. Processes 1, 3 and 4 have similar location vectors
L~ and translational directions. Process 2 owns constraints belonging to the cubebackground boundary. It has a location vector signi cantly di erent to that from the
background constraints, suggesting that these constraints occupy a di erent location
on the unit sphere. While the recovered translational direction is not that of the cube,
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Process 0 (outliers)

Process 1

Process 2

Process 3
Process 4
Figure 8.6: This gure shows the segmentation of the ~ 's based on subdividing the
great-circles from Figure 8.5. Process 2 is a stronger segmentation of the cube. Process 3 represents the background, with some support from the background constraints
also going to Processes 1 and 4.
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Process 0
Mixtures

T~

L~

Singular
Values



(outliers)
0.232701

Process 1

Process 2

Process 3

Process 4

0.000086
0.098971
2
3 2
3
0
:
7468
0
:
3213
64 0:0062 75 64 ,0:0659 75
0:6650
0:9447

0.658103
2
3
0
:
6008
64 0:0027 75
0:7994

0.010140
2
3
0
:
8964
64 0:2380 75
0:3738

2
3 2
3 2
3 2
3
,
0:0729
,
0:8522
,
0:0214
,
0:2590
64 0:9947 75 64 ,0:4552 75 64 0:9997 75 64 0:9659 75
0:0727
0:2581
0:0127
0:0061
0:9924316
0:0071166
0:0004508

0:9957408
0:0031297
0:0011288

0.1512

0.0477

0:9825196
0:0153044
0:0021774
0.1598

0:9958853
0:0023045
0:0018101
0.0527

Table 8.2: This table shows the results from segmenting the translation processes
reported in Table 8.1. Each cluster has one large singular value and two small ones|
this is characteristic of this type of cluster. Process 1 and 3 represent the background,
and they have similar location vectors, L~ . Process 2 represents the cube, and has a
very di erent location vector. The recovered translational direction for Processes 1
and 3 is close to what is expected.
namely T~ = [ 0 1 0 ]T , note that after correction for the anisotropic noise (next
section) the recovered translational direction, T~ = [ ,0:5221 0:7080 ,0:4755 ]T ,
has a strong vertical component. This corrected translation appears to be very close
to [ 0 1 0 ]T , [ 1 0 1 ] ! [ ,0:5 0:7071 ,0:5 ], as predicted in Chapter 4.

8.2.2 Anisotropic Noise Fix
It has been observed that linear methods for recovering translational direction su er
from a signi cant bias [46, 47, 48, 19]. The bias is caused by the anisotropic nature
of the noise in the linear constraint vectors, as discussed in Section 4.2.4. Recovered
translational directions are biased in the direction of the optical axis (^z). Methods for
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the removal of this bias have been proposed [48, 19]. These involve making an estimate of the covariance matrix and subtracting it prior to recovering the translational
direction. This requires knowledge of the scaling of the covariance matrix as well as
its structure. As discussed in Chapter 4 the approach used involves estimating the
covariance matrix (up to a scale factor) and using it to rescale the constraints. The
rescaling can be performed directly on the D matrix, to give

D^ = C ,1=2DC ,1=2 :
Now estimate the minimum eigenvalue and use the associated eigendirection as our
estimate, T^. Next, reverse the scaling to give

T~ = C ,1=2T^ :
It now remains to decide how to estimate the covariance matrix. Each constraint
has a covariance matrix de ned by
2
3
1 0
,xk 77
K 6
6
X
Ci = 2 c2k 666 0 1
,yk 777
k=1 4
5
,xk ,yk x2k + yk2
where f~xk gKk=1 are the ow-sampling points for generating the constraint, and ~xk =
[ xk yk 1 ]T . Assume that 2 is the same for all the constraints, and ignore it in
subsequent estimates of covariance matrices.2
Two methods are used for estimating the covariance matrix. The rst method
generates a covariance based on the average location of the constraints for a given
process. As mentioned previously, the \average" location of a ~ constraint is given
by
K
X
~xi = c2k~xk :
k=1

This is, strictly speaking, not true. However, since we are most interested in the form of the
covariance and not the scaling, it is a reasonable approach.
2
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True

T~
error

Uncorrected
2
3 2
3
0
:
7071
0
:
6316
64 0:0000 75 64 0:0005 75
0:7071
0:7737
0.0

5.7523

Method 1
2
3
0
:
7236
64 0:0037 75
0:6890

Method 2
2
3
0
:
7196
64 0:0035 75
0:6932

1.4172

1.0907

Table 8.3: This table shows the results of correcting for the anisotropic nature of the
noise on the estimated translational direction. The results are tabulated over 5 trials,
each of which uses a di erent seed to the random number generator to add noise to
the optic ow. Both Method 1 and Method 2 provide considerable improvement over
the uncorrected case.
It is then possible to generate an estimate for the form of the covariance matrix as
2
3
i
,x 77
66 1 0
N
X
6
C j = sij 66 0 1
,yi 777 :
i=1 4
5
,xi ,yi (xi)2 + (yi)2
The second method generates a covariance matrix based on a weighted average of
the covariance matrices for individual constraints within the process. The covariance
matrix for the j th process is estimated as
PN s C
j
C = Pi=1N ij i :
i=1 sij
Table 8.3 shows the results from applying a rescaling for both methods of generating the covariance matrix. Both methods for estimating the covariance matrix give
considerable correction to the data. The second method appears superior, since it is
possible to come up with an estimate for the covariance matrix for each ~ constraint.

8.3 E ect of Fixating the Background
Fixation of the background has an important impact on the problem of motion segmentation. Figures 8.4 and 8.7 show the magnitudes and image locations of the
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Figure 8.7: This is a plot of the magnitudes of the ~ 's recovered when no background point was xated. When compared with Figure 8.4 it is observed that fewer
constraints made the SNR cut-o level. The addition of a rotation to xate the
background has improved the SNR of the recovered constraints.
constraint vectors for the cases where the background is and is not (respectively)
xated. When the background is xated, more constraints are present. This can be
interpreted as more constraints having a large enough SNR to meet the thresholding
condition. The e ect of noise on the background constraints is therefore diminished
by xating a point in the background. The top-left corner of the back of the chair
is the xation point, and its constraints also have the highest SNRs. Fixating the
background makes the detection of independent object motion easier by making the
background constraints cluster more tightly, thus making the separation of objectoutlier constraints easier. Trials in which di erent background points were xated all
gave reliable segmentation and egomotion estimation. Figure 8.8 shows the (noisy)
optic ow associated with the case of no xation.
The improvement in SNR with xation can be understood by observing that the
rotation by which xation is achieved is designed to reduce the optic ow to zero at
the point of xation. In the neighbourhood of this point the magnitude of the ow
may still be non-zero, but it will be reduced. The process of xation can therefore be
thought of as reducing the dynamic range of ow magnitudes. If the associated noise
process is proportional to ow magnitude, then the noise will also be reduced. But
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the rotation does not a ect the information required to recover the linear constraints,
namely the ow variation due to the translational component of motion and depth
variation in the scene. As a result a higher SNR is obtained. It should be noted that
the choice of which scene point to xate is of importance. For example, if a point P~
at in nite distance is xated, the required rotation is

~ f = , T~  P~ = 0 :
jjP~ jj2
It therefore is necessary to choose a xation point in the foreground of the scene.
The e ect of improved SNR through xation is completely dependent on assuming
a relative noise model for the optic ow. If the noise model is independent of ow
magnitudes, no improvement in SNR of linear constraints can be expected through
xation. In this chapter a relative noise model has been used in which the average
value of the noise added is a function of the magnitude of the ow vector to which the
noise is added. Fleet [24] suggests that this relative noise model is good for a range of
optic ow magnitudes. This can be seen by considering the fact that estimating optic
ow can be reformulated as the problem of estimating the tilt of a plane in frequency
space [24, 35]. If the plane's tilt is estimated with constant angular error, then the
actual tilt (slope) error is relative to the magnitude of the tilt. To see how this a ects
the SNR of the linear constraints, note that xation reduces the magnitude of the
ow vector, and hence the associated noise. On the other hand, the \signal" does not
decrease since it is entirely conveyed in the translational part of the image motion,
not in the rotational part. However, Fleet's analysis is tied to a particular method
for computing ow. Constant noise models are more appropriate for recent optic
ow algorithms which use shifting to reduce residual ow and hence improve ow
estimates. Shifting assumes the initial estimate for ow is reasonably accurate. The
problem then becomes that of estimating a residual ow which has magnitude near
zero. The error can be (iteratively) reduced to the point where the residual ow has
constant error, i.e. the dependence on the ow magnitude is eliminated.
Any system that performs xation during egomotion and assumes a relative noise
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model has the potential to improve the recovery of constraints which can be used in
turn to recover egomotion and perform IMO detection. There is evidence to suggest
that the relative noise model may be applicable to human vision [63]. Many creatures
can achieve xation through eye movements (eye movements can be thought of as
rotations around the origin of an observer-centred coordinate system). The optokinetic and vestibulo-ocular re exes (OKR and VOR respectively) are eye-movements
that serve to keep the image of the world stabilized while a human observer moves
through it [11]. The OKR stabilizes images by tracking points of interest, and when
necessary acquires a new tracking target through a quick movement called a saccade.
The opto-kinetic re ex may in fact have a purpose slightly di erent from that which
is commonly believed. While its ability to stabilize images on the retina is obviously
bene cial to vision as a whole, it may be that it has a greater importance in terms
of its e ect on enhancing detection of IMOs. (In evolutionary terms, the IMO is the
entity most likely to want to eat the observer, or be eaten by the observer.) Nelson
[67] suggests that
\A reasonable heuristic for interaction with the real world is if it is moving,
you should probably pay attention."
It has been proposed that saccades are time-optimal [60, 20, 55, 56], which would
serve to minimize disruption of the xation phase of OKR. This would be an e ective
strategy from the evolutionary point of view.
The VOR does not directly achieve xation, as it serves mainly to cancel the e ects
of head rotation by counter-rotating the eyes. However, there exists a counterpart
called the linear vestibulo-ocular re ex (LVOR) which serves to xate objects during
linear accelerations of the head [69, 70, 71]. These eye-movement re exes may serve
to reduce the dynamic range of image motion on the retina, thereby making it more
sensitive to subtle variations which code the information required by the motion
interpretation centres in the brain.
Ballard [4] has previously suggested that xation is an important component in
an active vision paradigm which seeks to reduce computational complexity of certain
visual tasks, such as recovering depth structure through motion parallax. His analysis
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Figure 8.8: This plot shows the optic ow eld for the case of Figure 8.3, but without
xation (i.e. pure translation).
is quite di erent in that it is not based on an analysis of the e ects of noise, but rather
whether an exocentric reference frame can be used to reduce the computational load.

8.4 Summary
This chapter has presented results from a synthetic ow sequence containing an IMO.
The advantage of such a sequence is that it is possible to know the exact relative motions between the observer, the background and the IMO. The agreement between
these values and those recovered by the segmentation process based on linear constraints is quite good. This sequence has allowed validation of the derivation of what
happens when linear constraints are generated across IMO boundaries. Constraints
segmented using great circles were further segmented into clusters, thereby improving
the segmentation. This sequence also allows validation of the method for removing
the bias inherent in the linear method for recovering translational direction. Finally, a
discussion of the e ect of xating background points on segmentation is presented. It
is suggested that this xation improves our ability to perform segmentation of IMOs,
and may provide a rationale for some eye-movement re exes observed in biological
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vision systems.
The next chapter presents a real image sequence which is segmented using linear
and bilinear constraints.
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Chapter 9
Results from Forklift Sequence
This chapter shows the results from applying motion segmentation to a real image
sequence. The sequence analyzed consists of 10 frames, each 640  480 pixels in size.
The sequence was captured from a video camera mounted on a robot translating
roughly along the optical axis of the camera. The robot's speed was not measured,
but was the equivalent of a fast walk. There is one IMO in the scene: a forklift
moves from left-to-right across the robot's path, at speeds of up to 50 pixels/frame.
The industrial environment is quite irregular but provides good texture for optic ow
recovery, and good depth structure for the generation of ~ constraints. Figure 9.1
shows a frame from the sequence. Subsequent sections will outline the methods of
analysis for this sequence and the subsequent results.

9.1 Methods
9.1.1 Recovery of Ane/Rational Flow Patches
Optic ow for this sequence was generated by clustering constraints that are consistent
with either constant, ane or rational models of ow [40]. The constant model for
ow is given by
2 3
~u(~x) = 64 0 75 :
(9:1)
1
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Figure 9.1: This is a frame from a sequence (of 10 frames) collected by a robotobserver translating roughly along the optical axis in an industrial environment. The
forklift and its driver are translating to the right. The boxes indicate image regions for
which ane or rational models for optic ow have been tted. The focus-of-expansion
(FOE) of the background motion for each frame in the sequence has been indicated
by a '' (see Section 9.2)
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The constant model for ow is useful for tting small regions of ow in the image.
The ane model for ow is
2
3
+
x
+
x
~u(~x) = 64 0 2 1 4 2 75
(9:2)
1 + 3x1 + 5 x2
recalling that ~x = [ x1 x2 1 ]T . This model allows the ow to vary in a linear
fashion over the patch. The rational model provides the position ~x0 of the displaced
point as a function of the original position, ~x.
2
3
+
x
+
x
(9:3)
~x0(~x) = x + 1 x + 1 64 0 2 1 4 2 75 :
6 1
7 2
1 + 3 x1 + 5 x2
The rational model adds two parameters to the ane model, and is an exact representation of the displacement of image points from a planar surface undergoing rigid
motion [21]. Since the time period between frame samples is small in this sequence,1
displacement can be used to provide a good model for estimating ow:

~u(~x)  ~x0(~x) , ~x :

(9:4)

The rational model is particularly useful for tracking surfaces that are known to be
planar, such as the oor [40].
Constraints clustered were component velocities recovered by tracking of contours
of constant phase [24, 25, 26]. The integration of these constraints was accomplished
by the application of the EM-algorithm to solve for ownership and the parameters
for each image region (patch) [40, 43].
The boxes in Figure 9.1 show the 6 patches of optic ow recovered for this image
sequence. (The sixth box appears as a single line through the middle of the image|it
encompasses the lower portion of the image and is the entire width of the image. The
left, right and bottom boundaries are not apparent.) The boundary of each box is
The frame rate was about 15 frames per second, which is small relative to the velocity of the
observer.
1
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a measure of the region over which constraints for a given ane or rational model
were found. Notice that boxes may overlap, since there may be component velocity
constraints belonging to more than one patch in a given image region. To recover a
ow estimate for a particular patch, one need only apply the appropriate equation
from Eqns. 9.1, 9.2 and 9.4 using the parameters for the speci ed patch and a value
for ~x that lies within the bounding box for that patch. The patch for the oor is
modelled with the rational model. The patches for the moving forklift, the stationary
forklift, the pillar, the back wall, and the mock-up windows (top-left of image) are
all modelled using the ane model. For each frame of the image sequence a set of
ane or rational parameters are computed for each patch. As well, the boundaries
of each patch (with the exception of the oor patch) are updated. Figure 9.2 shows
recovered ow samples from the frame shown in Figure 9.1.
While it may seem that these patches have already segmented the image, it is
over-segmented with respect to independent object motion.

9.1.2 Generation and Clustering of Constraints
Samples of optic ow from the patches modelled are then used to generate the linear
constraints used for clustering. Six ow samples were generated for each patch by
sampling the ow model at the four corners of each patch as well as two interior
points. Flow samples from two patches are required to generate a linear constraint,
due to the fact that ow from a single ane patch is insucient to generate a linear
T
constraint (see Section 4.2.2). Let f~xk g12
k=1 , where ~xk = [ xk;1 xk;2 1 ] , be the
sampling locations over a pair of patches. Choose ~c such that ~c 2 null(F ) where
2
3
1
.
.
.
1
66
77
66 x1;1
x12;1 777
66
66 x1;2
x12;2 777
F = 66 2
7:
66 x1;1
x212;1 777
66
7
x12;1x12;2 775
64 x1;1x1;2
x21;2 . . . x212;2
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Figure 9.2: This gure shows the optic ow recovered from the frame shown in
Figure 9.1. Each dashed box indicates a patch described by an ane or rational
ow model. For each box six samples of the ow have been plotted, according to the
model used to recover that patch. The green ow vectors are from the oor patch.
The red ow vectors are from the moving forklift.
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Figure 9.3: The linear translation constraints plotted in the image space for the
frame shown in Figure 9.1. Each constraint de nes a plane through the origin, which
is shown intersecting the image plane X3 = f . Units are shown in pixels. The `'
shown is the FOE for the background motion after clustering the linear constraints.
The FOE for the moving forklift is to the extreme left and does not appear in this
gure.
Assuming that F is of full rank (one can choose the ~xk to make this true), there will
be 6 such ~c that satisfy this requirement. Finding the ~c 's can be accomplished by
using a singular-value decomposition to nd null(F ) [72]. The results are discussed
below in Section 9.2.
Each patch is paired with the oor patch and a set of 6 linear constraints are
computed for each pair. A plot showing the recovered linear constraints is shown in
Figure 9.3. All constraints are then clustered according to the methods outlined in
Chapter 6.
It may seem that the oor patch is getting special treatment here, but it is not
unreasonable to consider that the oor (or ground) plane would be tracked separately
by a robot observer, since the assumption of a planar surface to travel on, such as
a road, sidewalk, or oor, can be accurately tracked through image analysis [40].
However, the segmentation method will work even if the patches are paired at random.
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Clustering the linear constraints determines the number of motion processes and
generates an estimate for the translational direction of each. The next step is to
generate the bilinear constraints. Since each ow sample generates a single constraint,
there will be 6 constraints for each patch. (This is in contrast to 6 linear constraints
for each patch-pair.) The same ow sampling locations are used for the bilinear
constraints as for the linear constraints. Clustering of the bilinear constraints proceeds
as outlined in Chapter 6. Results from clustering the bilinear constraints are given
in Section 9.2.

9.2 Results
Linear constraints were generated from the ane- and rational- ow parameters as
described in the previous section. The recovered linear constraints are shown in Figure 9.3. The linear constraints were clustered using the great-circle model described
in Chapter 6. The number of processes was estimated according to the splitting algorithm described in that chapter. The clustering of linear constraints resulted in
two motions being identi ed. The rst motion process was directed along the optical
axis, and the second process was roughly along the horizontal axis. In Table 9.1 the
section entitled \Initial Guesses" contains the estimates of translational direction as
found by clustering the linear constraints. No correction for noise-anisotropy has been
performed here.
The linear constraints generated by combining ow samples from the moving
forklift and oor patches will be strongly biased by the motion of the forklift. The
ow samples from the oor patch are relatively small in magnitude compared to those
from the moving forklift patch. The discussion in Section 4.5.1 leads to an expectation
that these linear constraints will strongly indicate a motion along the x^-axis, despite
the fact that these constraints are generated across the boundary of an IMO. From
Table 9.1 one sees that the initial guess for T~2 is, in fact, almost entirely in the x^
direction.
Figure 9.4 shows the bilinear constraints for each of the two recovered motion
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Initial guesses:

Process 1:
Process 2:

T~
T~

= [-0.0002 -0.0925 0.9957] f ~ = [ 0.33 7.98 4.69] ~ = 3.48084
= [-0.9948 0.0216 0.0996] f ~ = [ -2.94 -99.55 -6.55] ~ = 0.64782

Final Results:

Mixtures: 0.1866 0.7075 0.1059
Process 1: T~ = [ 0.0102 -0.0925 0.9957] f ~ = [ 2.09 2.27 -0.10] ~ = 0.07033
Process 2: T~ = [-0.9948 0.0295 0.0972] f ~ = [ -4.13 -99.26 -5.18] ~ = 0.05602
Process 1: FOE = ( 13.20, -119.24)
Process 2: FOE = (-13137.98, 390.18)

Table 9.1: Results from tting the linear constraints (initial guesses) and bilinear
constraints ( nal results) for the frame shown in Figure 9.1. The units for f ~ are
pixels/second.
processes. For motion process 1 the constraints intersect, giving an estimate of the
FOE. One sees the improved sense of intersection of these constraints as compared to
Figure 9.3. The re ned estimates of T~1 and ~ 1 have therefore improved the estimate
for the FOE. Figure 9.1 shows the estimated FOEs for all 10 frames. Their location
in the image suggests that the camera was aimed slightly to the left and below the
direction of travel, i.e. the FOE lies above and to the right of the optical (^z) axis.
The constraints as seen by motion process 2 appear as horizontal lines when
projected onto the x3 = f plane. If these were projected onto the plane x1 = constant
another intersection of constraints would be seen, analogous to an FOE. Again, the
re nement of the estimates for T~2 and ~ 2 has clari ed the translational direction
indicated by the corresponding constraints.
Figure 9.5 shows the ownership probabilities for each bilinear constraint with
respect to each process. From this gure motion process 1 appears to \own" the
constraints from the oor, stationary forklift, pillar, back wall and mockup window
patches. Motion process 2 appears to \own" the constraints generated by the moving
forklift patch. This makes it possible to conclude that the motion of the moving
forklift relative to the observer is di erent from that of the rest of the environment.
It is worth noting that bilinear constraint #1, from the oor patch, is incorrectly
identi ed as belonging to the second motion process (moving forklift). If one refers to
Figure 9.2, then this constraint represents the ow sample from the top-right corner
of the oor patch. It is not dicult to see that the direction of this ow vector
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Figure 9.4: The top plot shows the translation constraints derived from the bilinear
constraints as seen by the rst motion. On the bottom is the plot of constraints
as seen by the second motion. As seen in Figure 9.5, the second motion primarily
owns constraints generated from the moving forklift. Grey-level indicates ownership
probability for each motion.
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Figure 9.5: The ownership probabilities for the bilinear constraints as tted by the
EM algorithm. The solid line indicates ownership by the rst motion, the dashed
line the second motion, and the dotted line the outlier process. Bilinear constraint
#1 (from the oor patch) probably shows a strong ownership by the second motion
process because its horizontal motion is consistent with that of the moving forklift.
is consistent with those from the moving forklift, and could easily be identi ed as
belonging to the second motion process. In this case, the grouping of the constraints
into patches is known a priori, but remember that some constraints may be shared by
more than one process, or even assigned to an incorrect process. Observe that the ow
sample from the top-left corner was marked as an outlier, so there may be some error
in the recovered ow at these extremes of the oor patch. In general the segmentation
of constraints has done a good job of representing the separate motions present in
the image sequence. Compelling information has been presented that identi es the
forklift as an IMO.
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9.2.1 Depth Estimation
For recovering depth estimates, the ow from each patch was tted to a planar model,
f=X3 = n^ T ~x. Remember that the third component of ~x is one. To achieve this t it
is necessary to solve 6 equations in 3 unknowns:
3
2 3 2
f
T
66 ~x1 77 66 X3 (~x1) 77
66 ... 77 n^ = 66 ... 77 :
75
64 75 64
f
T
~x6
X3 (~x6)
This is easily solved using standard algorithms for singular-value decomposition and
a back-substitution method that takes advantage of the knowledge of the singular
values to nd a \solution" to the system of equations [72]. Since there are more
equations than unknowns, there may not be a solution, and if there is a solution
it may not be unique. It is possible to pick a value for n^ which in the rst case
minimizes the residual error and in the second case returns a minimum norm solution,
and the back-substitution algorithm used does exactly this. The t is expected to be
good for rational patches since they are already based on the rigid motion of planar
surfaces, but may not be as good for ane patches. Figure 9.6 shows the relative
inverse-depth values recovered for the oor, pillar, stationary forklift, back wall, and
mockup windows. The recovered values for the moving forklift using the motion
parameters for process 1 were consistently negative over the sequence, and are not
shown. Since it is assumed that anything the camera can \see" has a positive depth,
this gives us additional evidence for the conclusion that the moving forklift is moving
independently.

9.3 Summary of Forklift Sequence Results
It has been shown that the IMO in this sequence was correctly identi ed by the motion
segmentation algorithm. The estimates of the egomotion return reasonable results.
We also get a good estimate of the direction of travel for the moving forklift. If the
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Figure 9.6: The recovered inverse-depth values for each patch over the sequence are
plotted. The moving forklift is excluded, as depth values recovered for it are not
valid. Note that the relative distances to various objects are correct.
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forklift had been moving more slowly, we would not have done as well in recovering
the direction of its motion. Recovered relative inverse-depth estimates help support
the conclusion that the moving forklift is an IMO, as well as provide information
about the structure in the scene.
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Chapter 10
Results from JQ Sequence
This chapter presents the results from applying motion segmentation to another image
sequence. This sequence consists of 2 frames, each 360  240 pixels in size. The
sequence involves egomotion, although the \ground-truth" value of this motion is
unknown. There is one IMO in the scene: a man moves from right to left. The
optic ow from this sequence was generated as a dense ow eld which was then
subsampled in order to generate linear and bilinear constraints. One frame from the
sequence is shown in Figure 10.1, and the associated dense optic ow eld is shown
in Figure 10.2.

10.1 Methods
The ow shown in Figure 10.2 was generated according to a method by Black &
Jepson [8]. First a coarse estimate of the ow eld is made. This estimate can
be quite inaccurate and does a poor job of representing motion boundaries such as
occluding surfaces at depth discontinuities. Image brightness is then used to identify
image regions which may have similar motion|this motion is assumed to be consistent
with moving planar surfaces. Flow in these regions is t to a parametric model for
rigid planar motion using a robust estimation scheme. Finally, deformations from the
planar surface model are allowed to compensate for cases where the model doesn't t
the image data well enough. (If this error gets too large, the data point is rejected as
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Figure 10.1: Shown is a frame from the JQ sequence. The man in the centre of the
image is an IMO. While the rest of the environment is considered stationary, the
camera is undergoing egomotion.
an outlier.) The result is a dense ow eld with good overall accuracy.
In order to keep the number of bilinear constraints reasonable, the dense ow eld
was subsampled. A 10  10 grid of patches was superimposed over the image, and
6 points sampled from each patch using the same sampling geometry as for patches
in Chapter 9. The subsampling used gave 600 bilinear constraints out of a total
possible number of 86,400. The sampled ow can be seen in Figure 10.3. Linear
constraints were generated for each patch by randomly choosing one other patch in
the image and pairing the two as described in Chapter 9. Once the sample points
were chosen and linear constraints generated, linear clustering took place as in the
previous chapter. The eld-of-view was assumed to be 45. It is important to note
that once the sampling points and their associated ow vectors are determined, the
analysis of this sequence is identical to that of the previous chapter.
Once an estimate for the number of processes and their translational directions
are found using the linear-constraint clustering, clustering of bilinear constraints is
used to re ne estimates for translational direction and rotation for each process. The
algorithm is the same as in the previous chapter. Each sampling point provides a
single bilinear constraint.
109

(a)

(b)
Figure 10.2: Horizontal and vertical components of the computed optic ow eld
are shown in (a) and (b), respectively. Lighter values denote larger components to
the right and down. This dense ow eld was generated using a parametric-plusdeformation method which uses a planar-surface model as a starting point for ow
estimation [8].
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Figure 10.3: Flow samples derived from the dense ow elds depicted in Figures 10.2(a) and (b). The samples represent a 10  10 array of equal-sized patches,
each of which contains 6 ow samples.

10.2 Results
Clustering the linear constraints results in two processes being identi ed. Both motion
processes have strong horizontal components to their translational motions, and both
are to the left. The estimated translational directions along with their associated
FOE are reported in Table 10.1. Figure 10.4 shows the linear constraints prior to
segmentation. The linear constraints are predominantly horizontal in a streak that
covers the entire image region. Approximately 38% of the linear constraints are
marked as outliers, with 56% being owned by the rst motion process.
Clustering of the bilinear constraints results in the parameters found in Table 10.2.
The two translational directions are both near the x-axis, and to the left of the image's
centre. Approximately 3% of the bilinear constraints are marked as outliers, with the
majority of the remainder going to the rst process. The rst process is seen to have
a large value for . Unfortunately these parameters cannot be trusted. Examining
relative inverse-depth values1 shows that many are negative, and therefore physically
The concept of relative inverse-depth will be discussed in detail in Chapter 11. Brie y, it is
possible to recover information about depth structure in the image given an estimate for T~ and ~ .
These estimates are only recovered up to a scale factor, and hence are relative. The method lends
itself to recovering the inverse of the depth structure, which is sucient for the purpose at hand.
1
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Figure 10.4: The linear constraints are shown. The white  marks the recovered FOE
for Process 1 and the black  marks the FOE for Process 2. The inset box shows
the extent of the image. The axes are labelled with normalized coordinates (pixels
divided by focal length).
unrealistic. What went wrong?

10.3 Problems With the JQ Analysis
In the previous section the clustering of linear and bilinear constraints has led to a
solution which yields unrealistic values for relative inverse-depth. There appear to be
two reasons for this result. The rst reason is that the results of clustering the linear
constraints appear to be inaccurate. Since these results form the initial guess for
clustering the bilinear constraints, one might expect an adverse e ect on subsequent
stages of processing. The second reason involves the e ect of the value of  used
while clustering bilinear constraints. Both of these problems will now be discussed in
further detail.
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Process 0
(outliers)
Mixtures 0.3817

Process 1

Process 2

0.5662

0.0521



0.0630

0.0161

FOE

(-69,7)

(-628,-97)

T~

2
3 2
3
,
0
:
1571
0
:
8157
64 0:0167 75 64 0:1259 75
0:9874
,0:5647

Table 10.1: This table shows the estimated parameters recovered by clustering the
linear constraints. The value of  reported is a measure of the variance of linear
constraints from the great circle de ned by T~ on the sphere (as de ned in Eqn. 5.1).
FOE values are rounded to the nearest pixel.

10.3.1 Poor Results From Linear Clustering
The linear constraints fail to provide us with a good estimate of the translational
direction. This is likely due to the lack of variation in the ow from the background
(see Figures 10.2, 10.3, and 10.8), possibly due to small variation in depth with
respect to the camera's motion. Also, a number of ow vectors, primarily along
the image boundaries, are obvious outliers and may have caused erroneous results.
While the algorithm is designed to remove outliers, structure in the outlier population
may be confused with motion processes and incorrectly segmented. Examination of
ownership of constraints by the second process shows that they do not provide a
clear segmentation of the IMO. It is dicult to know whether the linear constraint
clustering picked the correct number of motion processes through chance or whether
information from the IMO actually was found.
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Process 0
(outliers)
Mixtures 0.0315

Process 1

Process 2

0.6929

0.2756

T~

2
3 2
3
,
0:0600
,
0:4766
64 ,0:0354 75 64 0:0648 75
0:9976
0:8767

~

2
3
,
0
:
101
64 1:491 75
0:226

2
3
,
0
:
714
64 2:040 75
,0:591



1.1992

0.119613

(-26, -15)

(-236, 32)

FOE

Table 10.2: This table shows the estimated parameters recovered by clustering the
bilinear constraints. The value of  is a measure of the variance of the bilinear
constraints with respect to the values of T~ and ~ (as de ned in Eqn. 5.4). FOE
values are rounded to the nearest pixel.
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10.3.2 E ect of  on Bilinear Clustering
Further examination of the bilinear constraints shows that there are multiple solutions, and that the number and exact parameters for these solutions vary depending
on the value of  used to perform the non-linear optimization. Table 10.3 shows the
FOE values recovered for di erent values of . In each case the value of  was held
xed and the bilinear clustering performed using a variety of starting points (this
amounts to a search of the parameter space). In each case a single motion process
was assumed. It is apparent that multiple solutions exist for the bilinear constraint
clustering. As the value of  is decreased more local solutions can be expected to
appear. This is in fact observed in this sequence. As the value is lowered to 0:5 four
solutions become apparent. As the value is lowered to 0:2 six solutions are found.
The change in the number of solutions is due to changes in the objective function
being minimized. As  is decreased more local minima appear. It should be noted
that the exact locations of these solutions also change with the value of . The full
complexity of this nonlinear estimation problem is evident.
The problem encountered here does not suggest that clustering bilinear constraints
is the wrong thing to do, rather that bilinear constraint clustering may be more complicated in some cases than others. In particular, in the case where the initial guess
provided by clustering linear constraints is poor, recovering the correct segmentation
from the bilinear constraints may require a more-involved analysis.

10.4 Results From Annealing
This section reports the results obtained by performing the bilinear constraint clustering, but using a di erent method of controlling the value of . Results presented
in Section 10.2 involved estimating the value of  for each motion process at each
iteration of the EM algorithm. As discussed in the previous section, clustering the
bilinear constraints can result in multiple solutions, the number and exact parameters
of which depend on the value of  used. In this section a di erent method has been
used for controlling : instead of estimating  for each process on each iteration,  is
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 # of Solutions
1.5

5

1.0

2

0.5

4

0.2

6

Solutions for FOE
(pixels)
( -33.96, -19.79)
( -13.29, 49.76)
(-49772.82, 335.88)
( 96.81, -7.06)
( -803.08, -66.41)
( 94.17, -14.72)
(-36.70, -22.63)
( -34.81, -9.08)
(-198781.56, 34854.55)
( 378.78, -105.02)
( -408.98, 497.18)
( -132.09, 8.19)
( -47.25, -30.38)
( 24951.19, -2549.07)
( 3310.07, 3731.67)
( 392.08, -127.33)
( 89.10, 112.33)

Table 10.3: Di erent values for  lead to a di erent number of solutions for T~ and ~ .
The FOE solutions for four di erent values of  are shown. Each set of solutions was
determined by assuming one motion process and using a xed value for . Clustering
was performed starting from a number of initial guesses for T~ .
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assigned an initial value which is then decreased on each iteration towards a pre-set
minimum. This is similar to decreasing a temperature parameter in annealing methods. The e ect is to allow each process to \see" a large number of constraints initially,
and as the EM algorithm proceeds the \ eld-of-view" available to each process is narrowed. Even though the value of  is changed using a pre-determined schedule, a new
value of  is calculated after each \M-step" for comparison to the value actually used.
The bilinear constraints are again segmented using the initial guesses generated
from the linear constraint clustering. The initial and nal values for  were 1:0 and
0:3 respectively, with sigma being decreased by a factor of 0:95 on each iteration.
The nal bilinear constraints are shown in Figure 10.5. The FOE for the rst motion
process is up and to the right, and it lies outside the physical boundaries of the image.
Process 1 has ownership of 73% of the constraints. The constraints associated
with Process 1 show a strong clustering to the top-right of the graph, outside the
extent of the image. On trials in which the value of  used for clustering bilinear
constraints is allowed to drop below 0:2 the intersection of the constraints is seen
to become even more sharply de ned. The constraints associated with Process 2 do
not have as clear an intersection, nor are they as strongly owned. This is seen by
observing that the grey-level in which each constraint is plotted is proportional to its
ownership by the process in question.
As has already been discussed in this chapter, the behaviour of  used in the
bilinear clustering stage is of considerable interest for this data. Figure 10.6 shows
the relationship between estimated values of  (one for each motion process) and
the controlled value of actual used for determining ownership. The dotted line shows
the  estimates for Process 1, which will later be associated with the background
constraints. As actual is lowered, estimated experiences sudden drops and then regions
of stable behaviour. The stable regions (plateaus) occur at around estimated = 0:5
and 0:2. Although not shown in this gure, for values of actual > 1:3 the value of
estimated is stable around 1:2. This suggests that structure can be seen at several
di erent levels in the ow data. Large  might correspond to the interpretation
that the ow estimates were pure noise. The values of  below 0:3 (estimated noise
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Figure 10.5: The bilinear constraints are shown after clustering. The top plot, labelled
\Process 1" represents constraints owned by the rst motion process, and has a FOE
up and to the right (outside of the image). Process 2 has a FOE within the image,
just left of the image centre. The inset box shows the extent of the image. The
axes are labelled with normalized coordinates (pixels divided by focal length). The
FOE for each process is marked with an , and the grey-level of each constraint is
proportional to its ownership by the process.
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Process 0
(outliers)
Mixtures 0.1028

Process 1

Process 2

0.7288

0.1684

T~

2
3
0
:
6525
64 ,0:2089 75
0:7284

2
3
,
0
:
2658
64 ,0:0769 75
0:9610

~

2
3
0:550
64 5:391 75
0:686

2
3
1:048
64 1:497 75
4:193

FOE

( 389.23, -124.64) (-120.18, -34.76)

Table 10.4: This table shows the estimated parameters recovered by clustering the
bilinear constraints. For both processes, the values shown are for  = 0:3, the lower
limit used in the annealing process.
for the ow in this sequence) likely correspond to the structure in the constraints
from the underlying motion processes. The plateaus in Figure 10.6 for Process 1
suggest that di erent types of structure in the constraints can be seen, each with
a di erent interpretation. The values of estimated associated with Process 2 do not
show a similar plateau structure and are always larger than actual. The fact that
Process 2 does not have plateaus suggests that it may just pick up constraints that
do not match Process 1 but match Process 2 well enough to avoid assignment to the
outlier population. It is to be expected that as actual is lowered, that estimated will
follow.
The large starting value of  = 1:0 used during bilinear clustering makes up
somewhat for the poor estimate provided by the linear constraints. Attempts at
allowing the algorithm to estimate its own  resulted in a value that remained large
(see Section 10.2). In order to get a reasonable result it was necessary to arti cially
depress this value. As can be seen from Figure 10.6, once it has been forced below
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a value of about 0:7, the estimates for  will drop to about 0:5 and remain there. It
is therefore necessary to get the value of  low in the rst place. It should be noted
that the value of estimated depends not only on actual but also on the values of T~ and
~ for each iteration. Experiments performed with large starting values for  tended
to be less successful. Using the initial estimated  and then forcing it smaller was
successful.
For  = 1:0 there are two solutions for the FOE: they are (-36.70,-22.63) and
(94.17, -14.72). The latter solution appears to grow into the solution of (389.23, 124.64), as reported in Table 10.4, as  is decreased. This solution would appear to
be the \correct" one in that it is the only one which results in the majority of the
constraints corresponding to positive depth values (see Figure 10.8). This solution
also provides a meaningful segmentation of the constraints into outliers, background
motion and independent object motion (see Figure 10.7). Other solutions found had
many negative depth values, and did not perform as well on the segmentation task.
The rst solution can be understood by making an observation about the bilinear
constraints. Bilinear constraints all pass through the image location vector ~x to
which they belong. This means that if  is too large the minimization could possibly
pick a point near the centre of the image, as it is \near" all the constraints. In the
event that the true FOE lies outside the image, this may be an appealing alternative
for the algorithm. In this instance the true FOE does indeed appear to lie well outside
the image, as seen in Figure 10.5. The rst solution bears some resemblance to the
rst solution found by clustering the linear constraints.
In Figure 10.7 one sees the ownership maps for the motion processes and outlier
population. Process 1 has strong support from constraints derived from ow vectors which represent the background motion (egomotion). Ownership of constraints
derived from the IMO are shared between the outlier process and Process 2. Flow
vectors which could be considered outliers along the right image boundary and near
the top-left part of the image are also assigned to these processes. Since there were no
estimates of certainty associated with the ow vectors, it is not known if the outliers
in the ow can be separated from ow estimates involving the IMO. The segmentation
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Figure 10.6: The relationship between the value of  used for clustering and the
estimated value for each process is shown. The dotted line is the estimated value
of  for the rst motion process, and the dashed line is the estimate for the second
motion process. The dotted line has plateaus at around 0.5 and 0.2. The solid line is
provided as a reference for the actual .
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between background and IMO appears to be quite good.
Figure 10.8 shows a histogram of depth values recovered using motion parameters
from Process 1. All but a small number (2) of the ow samples give positive values.
Since negative depth values indicate an object behind the camera they indicate outliers in the ow vectors or possibly an IMO for which the motion parameters are not
valid. The x-axis represents relative inverse-depth, a concept which will be discussed
in further detail in Chapter 11. The peak near 0 indicates that most of the depth
structure in the scene is relatively distant, a fact that supports the observation that
the ow eld is quite uniform.
The fact that a good solution was obtained from the bilinear clustering using this
\annealing" method and the linear solution as an initial estimate is almost certainly a
matter of luck. On trials which used an initial value of  > 1:3 the clustering converges
to the wrong solution. However, solutions obtained by starting with the solutions for
a xed  = 1:5, and then decreasing  result in the two solutions discussed above.
This again underscores the problem of a good initial guess for the bilinear clustering.

10.5 Summary of JQ Sequence Results
It was shown in the last chapter that linear and bilinear subspace constraints can
be used to e ectively segment IMOs in image sequences. In that image sequence
there was rich depth structure and accurate ow was available. In this chapter it
was shown that although the constraints are still useful in performing the desired
segmentation, the method is by no means fool-proof. The lack of variation in the ow
due to limited depth structure, together with less-accurate ow estimates containing
outliers (both in terms of an IMO and bad ow estimates at the image boundaries)
caused the linear clustering to be inconclusive with regards to an initial estimate
for translational direction or the number of motion processes. The clustering of
the bilinear constraints, while it yielded the results one would hope for, only did
so after careful consideration surrounding the choice of , and careful discarding of
\erroneous" solutions. Verifying the correct solution involves the search of a solution
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Process 0

Process 1

Process 2
Figure 10.7: The support for the outlier population plus the two motion processes
are shown. The grey-level of each point indicates its support for the process, with
black representing strong support. Process 0 draws some support from the IMO as
well as ow samples near the right image boundary. Process 1 draws support from
the background, and Process 2 from the IMO and some points on the right image
boundary.
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Histogram of Relative Inverse-Depth Values (Process 1)
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Figure 10.8: The depth values as computed using parameters from Process 1. The
values are shown as relative inverse-depth, therefore values near zero indicate relatively distant objects in the scene. There were only two negative values, possibly
resulting from outliers.
space using a nonlinear optimization process.
While the subspace methods appear promising (both in theory and practice), more
work is necessary. The problems encountered here serve to emphasize the importance
of a good initial guess for the motion processes. A temporal integration framework
where estimates from a previous frame are carried forward as initial estimates for the
current frame is one possible solution.
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Chapter 11
Results from Van Sequence
This chapter presents the results from another sequence, captured using a handheld video camera. The methods for recovering ow and segmenting constraints are
identical to those in Chapter 9, but the results have some di erent features. The
image sequence, which is 20 frames long, was taken from an automobile coming to a
stop at an intersection. The car on the left side of the image, shown in Figure 11.1,
and the pedestrian are IMOs.
Seven patches are used to model the ow for objects in the scene: street-light
(Light), pedestrian (Person), car (Car), van (Van), road (Road), CN Tower1 and
adjacent buildings (CNT), and the tree in the upper-right corner of the image (Tree).
As with the oor patch in the forklift sequence, the ow for the road is modelled with
a rational ow model. The patches for the van, the CN Tower, the tree and the car
are all ane models. The pedestrian and the street-light are each modelled using the
constant- ow model. (Chapter 9 contains a description of the constant, ane, and
rational ow models.) Recovered ow samples for the frame shown in Figure 11.1 are
plotted in Figure 11.2.
The estimated observer translation for this frame is T^ = [0:0390 0:0114 0:9992]T .
This gives an FOE of [25:0 7:3]. Only one motion process is recovered for this sequence, even though both the car and pedestrian are moving independently of the
1

A communications tower nearly 2000 feet tall, situated in downtown Toronto.
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Figure 11.1: A frame from the van sequence. There are seven patches: road, tree, CN
Tower, van, street-light, pedestrian, and car. The last two are independently moving
objects. Each patch is marked, along with the FOE.
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observer. This can be explained. The ow for the pedestrian can be projected (nearly)
through the FOE. The fact that this ow goes towards the FOE instead of away from
it will not a ect the nal result, which is that constraints generated by combining the
pedestrian patch with the road patch will be consistent with the translation associated with the observer motion. The car in the initial frames also provides ow that
projects close enough to the FOE to su er the same fate. Recall that subspace methods fail when the translational component of the ow is either zero or directed along a
line passing through the FOE. Conditions under which the subspace constraints will
fail were discussed in Section 4.5. A speci c case occurs when the image of an IMO is
concentrated around a plane de ned by the relative translations of the observer with
respect to the static environment and with respect to the IMO. Assuming that this
plane also contains the nodal point of the camera, and that any rotational motion
of the IMO is orthogonal to the plane, then subspace methods will fail to discriminate the IMO. This case can arise easily for an observer and IMO's moving on a at
surface, such as a road.
Despite the failure of segmentation based on the subspace constraints, it is still
possible to identify objects that are moving independently in this sequence. Once estimates for T~ and ~ (egomotion) have been recovered, it is possible to recover estimates
of depth structure in the image. It is possible to predict how this depth structure will
evolve for a static scene, and, by comparing this to the recovered structure, identify
IMOs.

11.1 Depth estimates
The motion eld equation (Eqn. 2.2) can be rewritten as
0
1
~
f
jj
T
jj
~u(~x) = R(~x) @ X (~x) T^ + ~  ~xA :
3
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(11:1)

Figure 11.2: This gure shows the optic ow recovered from the frame shown in
Figure 11.1. Each dashed box indicates a patch described by an ane, rational
or constant ow model. For each box, six samples of the ow have been plotted,
according to the model used to that patch. The green ow vectors are from the road
patch. The red ow vectors are from the moving car, and the blue ow vectors are
from the pedestrian.
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In this equation T^ = T~ =jjT~ jj is translational direction, and jjT~ jj 6= 1 (in general).
Refer to the quantity
1 = f jjT~ jj
D
X
3

as relative inverse-depth (RID). If the translational direction and the rotation are
known, then RID can be recovered from optic ow as discussed in Section 6.5. If one
also knew jjT~ jj and f , then it would be possible to recover absolute depth. A method
will be developed in which, given RID estimates, it is possible to estimate focal length
and identify objects which may be moving independently. To do this a model will
be developed for the evolution of RID assuming ~ = 0 and that T^ is known for each
frame.

11.2 Evolution of Relative Inverse-Depth in Time
Assume an image sequence with n frames in which a number of objects are identi ed.
Let dij be the (absolute) distance to the j th object in the ith frame. The translational
motion for this frame is T~i, and it is assumed that ~ i = 0 for all frames in the sequence.
Knowing an object's depth2 for a given frame, one can derive the corresponding depth
value for the next frame: d(i+1)j = dij , jjT~ijjT^iz . Assume that T^z > 0 for an observer
moving forwards, and that dij > 0 means that the object is in front of the observer.
This is rewritten as
!
d(i+1)j = jjT~ijj dij , T^ :
(11:2)
jjT~i+1jj jjT~i+1jj jjT~ijj iz
De ne
Dij = dij~
f jjTijj
so that 1=Dij is the measured RID. By recursive solution of Eqn. 11.2 one arrives at
the relation
i,1 T^ !
X
1
Dij = vi Dj , f vkz ; i > 1 ;
(11:3)
k=1 k

2

By \depth" I refer to the X3 component of the point X~ in the scene.
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where Dj = D1j . The quantity vi is called relative velocity and de ned as

~
vi = jjT~1jj :
jjTijj
It relates the magnitude of the velocity of the current frame to that of frame 1
(this is as close as one will get to recovering actual velocity). Eqn. 11.3 allows for
the recovery of the RID curve for an object knowing its initial RID, focal-length,
translational direction, and relative velocity between frames.
In the event that the translational motion is undergoing constant change in speed,3
then the following relation holds:

vi = 1 + (i , 1):
The constant determines this change in speed. Constant speed has = 0, increasing
speed requires < 0 and decreasing speed > 0.

11.3 Time-to-Adjacency
It is possible to de ne time-to-adjacency (tadj ) as that time when dij = 0. The RID
will be in nite at this point. An instantaneous estimate for tadj can be computed


as tadjij = dij = jjT~ijjT^i . This assumes that jjT~ jj and d are measured in compatible
units, such as pixels/frame and pixels. Given an estimate for RID and f , tadj can
be recovered in units of frames,1. Figure 11.3 shows simulated RID values for an
object. The initial values show the object to be in front of the observer, which is
moving forwards with constant translation. The observer is adjacent to the object
at t = 5 seconds. Notice that the RID goes to +1 prior to this time, and returns
from ,1 afterwards. For t > 5 the RID values are negative, indicating that the
object is now behind the observer. Burlina et. al. [10] use temporal parameters to
estimate time-to-collision assuming zero (or known) rotation and arbitrarily smooth
Note that this does not imply constant acceleration. Since it is assumed that the translational
direction is known, only the magnitude of the translation, i.e. speed, is of interest.
3
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Figure 11.3: Relative inverse-depth has been simulated for an observer moving towards an object with constant translational velocity. The observer is adjacent to the
object at t = 5 seconds.
translational motion.

11.4 Mixture Model for Relative Inverse-Depth

n on
From Eqn. 11.3 it is observed that once f , fvigni=1, T^iz i=1 and D1j are set, the
RID curve for the j th object is completely determined. It is proposed that, using a
mixture model to achieve robustness, it should be possible to estimate the parameters
f , fvigni=1, and fd1j gmj=1 for an image sequence. The model will have two processes,
one to model RID curves and the other to account for outliers. Each measurement
1=Dij will have a probability of wij that it belongs to the RID model, and 1 , wij that
it is an outlier. Application of the EM algorithm allows iterative re nement of the
model parameters and the ownership probabilities. IMOs will not evolve according to
the RID model as they will have a di erent value for T~ from that determined for the
egomotion. Therefore, it is expected that IMOs will have a higher outlier probability
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than objects that are static in the scene.
The objective function minimized in the `M'-step of the EM algorithm is
8
0
!2 X
"
!#,1129
>
m >
n
i
,
1
<
=
^
X
X
1
1
1
1
T
kz
@
A
fobj = >w1j D , D + wij D , vi Dj , f v
;
>
;
1j
j
ij
j =1 :
i=2
k=1 k

vi = 1 + (i , 1) :
This function is nonlinear in the parameters f , and fDj gmj=1 . A Polak-Ribiere
conjugate-gradient method [72] is used to perform the minimization, with the wij 's
held xed.
During the `E'-step, an ownership (probability) is calculated for each data point
indicating how well it ts the model. Let Dij be a (measured) data point, and D^ ij
the model's predicted value. De ne Dij = Dij , D^ ij . Then the probability that the
data point belongs to the model is given by
( D 2 )
1
pmodel (Dij ) = p exp 22ij ;
2
where  is a parameter chosen to model the variability in the measurements. Outliers
are modelled by a uniform probability distribution

poutlier (Dij ) = p0 :
As in Chapter 6, the value of p0 is chosen so that a data-point has equal probability
of belonging to the model and outlier populations when it is a distance of  from
the model's prediction, i.e. p0 = pmodel (). The parameter  is held xed. The
ownership value for a data point is then given by

wij = m

mmodelpmodel (Dij )
:
outlier p0 + mmodel pmodel (Dij )

The quantities mmodel and moutlier are the mixture proportions for the model and
outlier processes, respectively.
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Each RID curve can be assigned a likelihood value based on the ownership values
for points belonging to that curve. Speci cally, likelihood is given by lj = Qni=1 wij
and log-likelihood by log lj . Likelihood values can be used as a gure of merit when
attempting to determine how well a particular curve ts the overall model. Note that,
since 0  wij  1, the magnitude of lj will be a ected by the number of frames in
the sequence, n.

11.4.1 Determining Relative Inverse-Depth Estimates
RID estimates are determined for each patch in each frame in the van sequence.
For each patch, 6 points are chosen in the rst frame and tracked throughout the
sequence. RID values are recovered for these points in each frame, and t to a planar
model,
f jjT~ jj = n^T ~x :
l
X
3l

One can solve for n^ by solving 6 equations in 3 unknowns:
3
2
66 x11 x12 1 77 2 1 3
...
77 = 64 X31 75 f :
66
... 1 jjT~ jj
75
64
X36
x61 x62 1
This can be solved via a linear least-squares method. As discussed in Section 9.2.1,
the planar model can be expected to provide a better t for the rational patches, but
may not be as good for the ane and constant velocity patches. Finally, a single
depth estimate is generated for each patch for each frame. This is done by evaluating
n^ T ~xc where ~xc is the average position of the 6 points. The averaging inherent in this
model is important to provide noise immunity, especially as several of the patches
contain the FOE, around which RID measurements can be expected to be quite
noisy. Figure 11.4 shows the recovered RID values for the van sequence.
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Figure 11.4: Relative inverse depth has been recovered independently for each frame
of the sampled ow shown in Figure 11.2. Six points were tracked in each patch, and
the recovered depth estimates tted to a planar model.
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11.4.2 Initial Guesses for Parameters
In order to reduce the number of parameters in our model, the constant acceleration model discussed earlier is adopted. This allows replacing fvigni=1 with a single
parameter, . This reduction is helpful, as our minimization procedure during the
`M'-step of the algorithm is nonlinear. Our initial choice for this parameter is = 0,
indicating constant speed.
The initial guess for focal-length, f , is chosen to be large (f = 1000 pixels was
the chosen value). Experimentation with the algorithm showed that convergence was
assisted by choosing f \too large" as opposed to \too small". Choosing f \too large"
has the e ect of attening the curves produced by the model. No empirical value for
the focal-length of the camera was available.4 In many cases knowledge of the camera
optics should allow a better initial guess for f to be made.
A simple choice for the values of Dj would be to use the measured value, D1j .
However, given that this value will determine the shape of an individual RID curve,
a di erent value was used. Each measured RID curve was individually t to a curve
of the form
Di = b ,a i :
This allows using aj =(bj ,1) as the initial value for Dj instead of using D1j . The initial
estimates thus chosen allowed for faster convergence of the optimization procedure.
n on
Finally, the values of T^iz i=1 are already known from our determination of egomotion from the sequence.

11.5 Results: RID Mixture Model
Figure 11.5 shows the tted RID curves superimposed on the measured ones. The
t can be seen to be quite good. Table 11.1 shows that a large improvement is made
in the objective function. The pedestrian is shown to have a negative depth value,
4 The camera was tted with a zoom lens, and the exact focal length was not recorded at the
time the image sequence was captured.
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Parameter
D0
Road
CNT
Light
Tree
Van
Person
Car
f (pixels)

fobj

Initial Final
7.472 7.998
3.149 3.293
3.717 3.646
7.462 7.651
5.780 5.246
-0.931 -0.581
9.555 9.459
1000 239.2
0.0 0.0252
221.1 16.90

Table 11.1: This table reports the results for the RID mixture model when applied
to the van sequence. The results quoted here are for  = 0:4 and  = 2:0.

D0 < 0 and the RID curve labelled \Person" stays negative over all frames. This fact
alone indicates that the pedestrian is moving independently, since it is impossible for
an object to have a negative depth and be visible in the image.
Table 11.2 shows the likelihood values for each patch with respect to the model.
The patches corresponding to the pedestrian and car are seen to have very small
likelihoods, indicating that they are probably moving independently.
The tree also scores poorly in terms of the likelihood function. This can be
explained in terms of the optic ow recovered for the tree. The ane model is
used for this ow, but since the tree is signi cantly non-planar, the resulting ow
has a higher degree of error. This can be observed by warping the image with the
inverse of the ane transform and viewing the resulting sequence|the tree is roughly
stabilized but still exhibits motion. By contrast, performing the same operation for
any other patch results in the object of interest being quite well stabilized. One
observes, therefore, that errors in recovery of optic ow will have a strong impact on
this method. It should also be noted that attempting to t depth values to a planar
surface, as described above, will lead to poor results for the tree patch.
Another source of error occurs when the points tracked for each patch move outside
the region. This happens, for example, with the road patch. Referring to Figure 11.2,
3 of the corner points will move outside the image in the next frame. This means that
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j
Road
CNT
Light
Tree
Van
Person
Car

lj log lj
1.6e-02 -1.79
6.3e-04 -3.20
1.1e-04 -3.95
1.0e-17 -17.00
1.0e-05 -4.98
4.3e-30 -29.37
1.1e-16 -15.95

Table 11.2: This table shows the likelihood values for each patch tracked in the
image. The pedestrian and car have low likelihoods, suggesting that they are moving
independently. The tree also has a low value, probably due to the poor t of an
ane ow model to this type of surface. The results quoted here are for  = 0:4 and
 = 2:0.
the ow transformation will be extrapolated for these points. For the case of ane
or rational ow, this extrapolation may lead to errors in the recovered RID values.
While the likelihood for the road is very good, it is not perfect.
The value of listed in Table 11.1 is approximately 0:025. This indicates that the
observer velocity is decreasing, which is consistent with the conditions under which
the image sequence is captured. Figure 11.6 shows the recovered values for the vi
parameters, corresponding to the curves shown in Figure 11.5.
The values of the ownership weights for the individual data points are shown in
Figure 11.7. They are plotted on a logarithmic scale, i.e. log wij . For the road, all the
data points are in good agreement with the model. On the other hand, while some
data points for the car are also in good agreement, others t the model very poorly
giving the car a poor overall likelihood. As noted above, one should expect poorer
results for the tree patch since it is not well-modelled by a planar surface. In each
frame it is possible to nd points within the tree patch that lie on a planar surface,
but there is no guarantee that the same plane will be recovered for this patch in each
frame.
Finally, it is worthwhile considering the e ect of  on tting the model. This
value will depend on the expected error in the ow estimates. Figure 11.8 shows
the resulting RID curves tted to the van sequence with  = 0:3. The curves do
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Figure 11.5: Smooth curves were tted to each curve in Figure 11.4. In this plot
 = 0:4.
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Figure 11.6: This gure shows the recovered vi parameters. The slope of the graph
is , and in this case indicates a constant deceleration.
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Figure 11.7: This set of gures shows the ownership of data points for each patch over
the entire sequence. The ownership probabilities are plotted as log p and therefore
range from 0 for p = 1 to ,1 for p = 0. The patches corresponding to the road are
the best, followed closely by those for the CN Tower, the light, and the van. The
tree patch doesn't fare as well, but this is expected since the tree is close and poorly
approximated by a planar surface. The patch for the car also shows low ownership
probabilities, as does that for the person. (Note the di erent scale used for the Car,
Tree, and Person ownership plots.)
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Figure 11.8: This is the same as Figure 11.5, except  = 0:3.
not appear to change substantially. The new values for f and are, respectively,
226:9 pixels and 0:0278. In Table 11.3 observe that the ordering of the likelihood
values remains the same. As  decreases one expects to see an e ect on the curves
produced since more points will be labelled as outliers and thus will have less input
into determining curve parameters.
The data presented here do not satisfy the condition ~ = 0. In fact, for the
frame shown in Figure 11.1 the rotation is [0:40 0:32 1:41]T (this has been scaled by
f to give a sense of the rotational magnitude in pixels). The measured rotation is
jjf ~ jj = 1:469 pixels/frame, which is quite signi cant by comparison to the optic
ow magnitude in many of the patches. It has still been possible to recover useful
information about the image sequence. It should be possible to modify Eqn. 11.3 to
account for the e ect of rotation and include the e ect of ~ in the model.
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j
Road
CNT
Light
Tree
Van
Person
Car

lj log lj
2.0e-03 -2.70
1.4e-07 -6.85
2.3e-09 -8.64
2.8e-34 -33.55
3.5e-11 -10.46
0.0e-00 ,1
1.4e-33 -32.85

Table 11.3: This table shows the likelihood values for each patch as in Table 11.2,
except that a smaller value for  has been used. The value shown for the car is due
to numerical under ow during computation. The results shown here are for  = 0:3
and  = 2:0.

11.6 Summary
In this chapter a new method for identifying IMOs based on recovered relative inversedepth is described. Segmentation of linear and bilinear subspace constraints is not
always sucient to identify IMOs, but in this case it is possible to use the expected
evolution of RID curves to determine which objects are part of the stationary environment. The concept of mixture models was used to perform a robust estimation
of model parameters and identify outliers in the data. These outliers may indicate
the presence of IMOs whose RID curves evolve di erently from those belonging to
objects in the stationary environment. This is due to the di erent relative velocity
between the observer and environment, as opposed to that between the observer and
the IMOs.
This work could be reformulated in terms of the ane/projective structure from
motion work [51, 22] cited in Chapter 3. This work assumed a rigid world with a
moving observer, much the same as the model developed for the evolution of RID in
time. By applying the concept of mixture models to matched image features (in this
case, image locations for which optic ow has been recovered) it should be possible to
detect those points which violate the rigidity assumption. An advantage of using ane
or projective structure is that it becomes unnecessary to estimate focal length in the
model. A version of this using only orthographic projection and ane structure, and
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not based on mixture models, has been proposed by Lawn & Cipolla [54]. Violation
of rigidity has been suggested and used by others [81, 85].
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Chapter 12
Contributions & Future Directions
The preceding chapters have discussed issues relating to the detection of independent
object motion in image sequences which contain image motion due to egomotion.
The approach combines the use of robust statistical methods with constraints on the
underlying 3-D motions. Only one previous work [83] combines these two characteristics, but the theory and implementation is completely di erent. This thesis makes
a number of novel contributions to this area of vision research. The present chapter
will summarize these contributions and will also suggest avenues for new work related
to this problem.

12.1 Contributions
12.1.1 Application of Mixture Models
to 3-D Motion Segmentation
There have been few previous approaches that involve 3-D motion directly, and none
of these involve the concept of mixture models. It is proposed that mixture models
are a natural and powerful method of representing derived constraints on 3-D motion. The availability of the EM algorithm to perform simultaneous segmentation
and parameter estimation is a decided advantage to this particular representation.
The EM algorithm, although nonlinear, is simple to implement and guarantees an
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improvement in the likelihood function on each iteration. Its nonlinear nature requires that initial guesses be reasonably close, but it is shown that there are methods
for generating these guesses.
Mixture models assume that the number of underlying processes is known in
advance, since the problem of testing for the number of processes is generally unsolved.
Since the number of motion process will not usually be known in advance1 I have
proposed a new method of examining structure inherent in the combined constraints
to spawn new motion processes when necessary. This method for determining the
number of processes is domain speci c, but the concept should be generalizable to
other problems where underlying structure is known, or assumed to be known.
The approach to identi cation of IMOs is two-fold:

 segmentation by clustering linear & bilinear constraints on 3-D motion, and
 segmentation by studying evolution of depth structure and determining outliers
which may be the result of IMOs.

The latter approach is necessary to handle situations in which the subspace constraints
do not provide enough information to perform the identi cation of independent motion. In summary, this thesis presents a new method for motion recovery based on
robust statistical clustering of constraints on 3-D motion, as well as robust estimation
of the evolution of depth structure with respect to egomotion.

12.1.2 Development of E ect of IMO Boundaries on Subspace Constraints
The subspace methods used to derive the constraints on 3-D translation and rotation
assume rigidity of the environment. Independent motion violates this assumption,
making it necessary to understand the e ect of generating constraints across IMO
In examining a sequences of images one can assume that the number of motion processes in
any particular frame will be the same as in the previous one. This assumption will fail in the event
that an object moves in or out of the eld of view. The latter case should be manageable through
tracking of objects. The problem of starting the system from scratch can be considered similar to
the case where a new object enters the eld of view.
1
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boundaries. It is not sucient to use discontinuities in the underlying ow as a guide,
since not all such discontinuities represent IMO boundaries. Constraints generated
across IMO boundaries can be expected to be erroneous. In fact, Chapters 8, 9 and
11 all present data in which this has happened. In many cases it may be possible
to proceed without special consideration, but it is best to understand the underlying
theory that governs this case.
This thesis presents an analysis of what happens to a linear constraint generated
across IMO boundaries. This analysis shows that the resulting constraint is the
average of the two constraints that would be expected if only the motion due to
egomotion or the IMO were present, plus a term which depends on the exact geometry
of the ow points used to calculate the constraint. Knowledge of the expected form
of outlier constraints is useful for later stages of analysis.

12.1.3 Dealing with Anisotropic Nature of Constraint Noise
The subspace methods are exact in the absence of noise. It has been shown that the
addition of isotropic noise into the optic ow leads to a highly non-isotropic noise
distribution in the resulting constraints. As a result, linear methods used to recover
translational direction su er from an inherent bias which is accentuated by small elds
of view. This thesis presents an analysis that shows that this bias can be removed
if the noise covariance matrix is known up to a scale factor (or can be estimated).
The constraint vectors can be rescaled prior to estimating the translational direction.
Results are presented in which an estimate of noise covariance is used to reduce
considerably the bias in the estimates.
The presence of this bias is not unique to the subspace methods. Kanatani [48]
suggests an iterative method in which the bias is removed by successive subtraction
of an estimated covariance matrix. It is proposed that the method presented herein is
an improvement as it is not iterative, it can be proven exact in a close-form analysis
and it requires only knowledge of the covariance matrix up to a scale factor. This
result is of importance to motion estimation problems in general.
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12.1.4 Observations on the E ect of Fixation on Motion
Segmentation
It is observed that xating a background point improves the SNR of subspace constraints when a relative-error model is assumed for the optic ow (see Section 8.3).
This, in turn, improves ability to perform segmentation of IMOs. It was noted that
the subspace methods can be related to the generation of constraints by other methods. This suggests that xation may have a more general purpose with respect to
vision. Fixation is generally assumed to be necessary for stabilization of images on
the retina in order to prevent blur. Speci cally, the opto-kinetic and vestibulo-ocular
re ex are assumed to serve this purpose [11]. It may be that xation serves to enhance detection of IMOs by reducing the dynamic range of visual motion, in order to
better enhance ow variations due to depth that are necessary for recovery of motion
parameters. Any mechanism which enhances detection of independent motion (which
may be prey or predator in some cases) would be expected to have value in an evolutionary sense. While this is only speculation, the observation may prove important in
understanding how the brain processes visual information. Thomas et. al. [80] have
suggested that xation by a moving observer assists in avoiding collisions with static
objects. The analysis of xation presented in this thesis involves the noise properties
of the ow, and as such is di erent than previous work by Ballard [4].

12.1.5 Interpretation of Constraint Clusters (BruteSac)
The concept of robust statistical clustering of linear and linear subspace constraints
to perform motion segmentation is an important contribution of this work. As was
shown in Chapter 7 mere segmentation of linear constraints into great circles may be
insucient for this task. It is further necessary to de ne localized clusters of linear
constraints on the surface of the unit sphere, and to decide how to interpret them.
The \BruteSac" method for generating hypotheses about underlying translational
motions through pair-wise combination of constraint clusters was introduced, as well
as methods for ordering these hypothesis based on their likelihood. These hypotheses
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may form suitable input into higher-level motion interpretation systems in which
contextual information or knowledge of constraints formed at the boundaries of IMOs
are taken into account.

12.2 Future Directions
There are a number of directions for future work that can be suggested from this
thesis. The rst suggestion involves extending the method to the case of discrete
displacement. There are a number of algorithms available for automatically tracking
feature correspondences in image sequences [21]. A robust segmentation method
that works on displacements of arbitrary size would make the method more general.
Work is currently under way to extend subspace methods to the case of discrete
displacement [88]. Any such work could be expected to have much in common with
methods based on the essential matrix. It may be useful to consider the application
of the EM algorithm to essential matrix generation in the presence of IMOs.
Chapter 7 considered the problem of combining the information inherent in constraint clusters in order to hypothesize about the underlying motion processes. This
thesis presents a method in which clusters are spawned and merged as needed in order
to represent the constraints in the data set. There may be advantages to considering
instead a xed number of \cluster-detectors." These detectors would tile the surface
of the unit sphere with cluster distributions of the form of Eqn. 7.1. Each would
have location and orientation vectors which remain xed. The EM algorithm is then
used to assign ownership of constraints to clusters, and perhaps allow the distribution
parameters of any given cluster to vary within a certain range in order to allow for a
better t. The \BruteSac" methods of Chapter 7 could then be used to hypothesize
about motions existing in the data, only considering clusters which had attracted
some preset level of constraint ownership.
Still with respect to the clustering of constraints, it would be worthwhile to compare the methods described in this thesis with ones based on the concept of \selforganization" [52, 75, 38, 53]. Arti cial neural networks which are capable of unsu147

pervised learning have been used to cluster data: the network is given the data set
without a priori knowledge of which data belongs to which class, and \learns" to
classify the data in a statistically meaningful way. These networks tend to classify
data as belonging entirely to one class or another, although it may be possible to
change this characteristic. (It is quite reasonable to allow for the possibility that a
motion constraint may be consistent with more than one hypothesized motion.)
Recent work in computational vision has explored the use of context information
in vision [23, 73, 41, 42]. There is reason to assume that motion interpretation could
bene t from top-down contextual information. Consider, for example, the task of
detecting IMOs in the forklift sequence. Assume the XZ plane is parallel to the oor
(track the oor in any event, so it is possible to apply the appropriate transform
to validate this assumption). The Y -axis will be vertical. IMOs can be expected
(most probably) to move in the XZ -plane, e.g. vehicles, people. There may be some
things that move primarily in the Y -direction, e.g. objects being hoisted by a crane.
This may have lower a priori probability than objects which move in the XZ -plane.
There may also be a priori knowledge of egomotion from transducers attached to the
robot's locomotion system. This information may not be accurate enough for general
navigation, but could be expected to provide a good initial guess for the egomotion
parameters. This would also give us a head-start on the problem of predicting how a
static environment would evolve. Developing the appropriate models for priors with
respect to motion is an area that deserves attention.
With respect to the work in Chapter 11 there are two suggestions. The rst
concerns Eqn. 11.3. This equation assumes that there is no rotational component
involved in the motion. For the image sequence considered this is not an unreasonable
assumption, but may not be appropriate for all sequences. If an estimate for ~
is available for each frame of the sequence, it should be straightforward to add a
correction for rotation. This should improve the recovery of IMO information from
RID curves.
The methods of Chapter 11 to robustly t RID curves include the task of estimating the focal length of the camera. As was pointed out in that chapter's summary, this
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is not strictly necessary. It should be possible to reformulate the problem to robustly
track RID for image points while representing image structure using an ane or projective basis. This would decouple the method from the recovery of the camera's
intrinsic parameters. This would generalize the method and make it more powerful
for detecting deviations from rigidity.

12.3 Conclusion
Given the importance of motion to vision in general, the interpretation of visual motion is a highly signi cant problem. Vision systems designed to work in dynamic
environments where navigation and collision avoidance are issues will need to be able
to recover information about egomotion and IMOs within the visual eld. This thesis has presented statistical methods for robust segmentation of monocular image
sequences based on underlying 3-D motion. This segmentation is performed by clustering local constraints that involve translation alone, or translation together with
rotation. There do exist situations in which these constraints will be insucient to
perform the required segmentation, in which case robust tracking of the evolution
of depth structure together with an assumption of rigidity can be used to identify
independent object motion. Results from synthetic and real image sequences were
presented. The story does not end here. There remains much work to be done in
this area, and some suggestions for directions this work might take have also been
presented.

149

Appendix A
List of Symbols
X~ : point in 3-D, camera-centred coordinates
~x : projection of X~ onto image plane
f : focal-length of imaging system
X3 : component of X~ directed along the optical-axis (^z)
V~ : velocity of 3-D point, de ned as

dX~
dt

~u : velocity of projected image point (in the image plane), de ned as d~dtx ; also called
the motion eld component at ~x
~v : depth-scaled projected velocity
P (~x) : projection operator, onto the plane perpendicular to ~x
R(~x) : transformation from V~ to ~u
~uT : translational component of ~u
~u : rotational component of ~u
T~ : 3-D translational velocity
~ : 3-D rotational velocity
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I (~x; t) : image intensity as a function of image position and time

r~x : spatial gradient operator with respect to image position
R(~x; t) : ltered image response
(~x; t) : amplitude response of ltered image
'(~x; t) : phase response of ltered image
E : the essential matrix
[T ] : matrix cross-product operator for vector T~

~a, B : 3  1 vector and 3  3 matrix which de ne a bilinear constraint
K : number of sample points used to construct a linear constraint
~ : linear constraint on T~ ; a normalized 3  1 vector
w : weighting factor for ~
~c : interpolation coecient vector for constructing ~
D : matrix constructed from ~ vectors in order to solve for T~
E (T~ ) : objective function to be minimized in solving for T~
E(. . .) : expectation operator

I3 : 3  3 identity matrix
 : eigenvalue of D
D~ : D matrix with noise term added
D^ : rescaling of D~ to remove bias in estimates of T~
R : 3  3 rotation matrix

jj . . . jj : euclidean norm of vector
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(~x) : characteristic function indicating if image position ~x belongs to background
m or M : number of distributions in a mixture model
i : mixing proportion of ith distribution in a mixture
p(. . .) : probability density function
 : standard deviation, used in various distribution functions
sij : probability that ith observation belongs to j th distribution in a mixture model
: normalizing factor for spherical gaussian probability density function

L(. . .) : likelihood function
f (T~ ; ~ ) : objective function minimized while solving for T~ and ~ using bilinear constraints
L~ : \location vector" for de ning location of a cluster of linear constrints on the
surface of the unit sphere
L~ ? : a vector perpendicular to both L~ and T~
 : relative noise in optic ow
~n : noise component of optic ow vectors
C : covariance matrix for optic ow noise
i

: parameters used in constant and ane ow models, and rational displacement
model, for optic ow estimation

F : matrix constructed from image position of ow sampling points, used to construct coecient vector ~c
n^ : unit vector normal to a surface
D : relative inverse depth
d : distance
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: constant acceleration factor

vi : relative velocity
tadj : time-to-adjacency
D : di erence between predicted and estimated relative inverse-depth
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Appendix B
Glossary of Terms
IMO: independently moving object. (Page 3)
Egomotion: the apparent motion in an image caused by the observer moving in a
static environment. (Page 4)

Motion Field: the motion of the projection of a scene point on the image plane,
caused by the relative motion between the point and the observer. (Page 4)

Optic Flow: a practical attempt at measuring the motion eld through analysis of
a sequence of images. (Page 4)

Focal Length: for a planar receptor surface and a pinhole camera, this is the per-

pendicular distance from the image plane to the nodal point of the imaging
system; for perspective projection this quantity de nes where a point in the
scene is imaged on the image plane. (Page 7)

Perspective Projection: an imaging model in which all light rays go through a sin-

gle point. (called the nodal point) of the imaging system; this line of projection
determines where on the imaging receptor a scene point projects to. (Page 8)

Orthographic Projection: an imaging model in which all light rays travel parallel
to the optic axis of the imaging system, and strike the image plane at right
angles. (Page 8)
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FOE: focus-of-expansion. (Page 12)
Essential Matrix: a matrix which can be recovered by measuring point correspon-

dences on a rigid body between pairs of images in a sequence; in the absence
of noise it uniquely de nes translational direction and rotation of the observer
between the two views. (Page 30)

SNR: signal-to-noise ratio. (Page 48)
PDF: probability density function. (Page 55)
EM-Algorithm: the \expectation and maximization" algorithm is an iterative method
for simultaneously solving for distribution parameters and ownership probabilities in a statistical mixture model. (Page 60)

DOG: di erence-of-Gaussians. (Page 82)
RID: relative inverse-depth. (Page 130)
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