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Abstract
Given estimates of the motion �eld (optic ow)

from an image sequence, it is possible to recover trans-
lational direction, ~T , using a variety of techniques.
One such technique, known as \subspace methods,"
generates constraints which are perpendicular to ~T , so

that two distinct constraints allow a solution for ~T . In
practice many constraints are used in a least-squares
solution, but it has been observed that the recovered
estimates for ~T are biased towards the optical axis.
While the cause of the bias is well known, previous
attempts to remove it have been awed. This paper
outlines a new method which removes the bias. The
technique is simple to apply and computationally e�-
cient.

1 Introduction
In the analysis of image sequences in which the ob-

server moves relative to a static background, the re-
covery of the observer's motion parameters (termed
egomotion) has long been a central problem. A vari-
ety of methods have been introduced to accomplish
this: methods have been introduced by Bruss and
Horn [1], Rieger & Lawton [16], Longuet-Higgins &
Prazdny [14, 19], and Jepson & Heeger [7, 9, 10, 8, 11].

The subspace methods allow one to recover transla-
tional motion ~T using a linear method [11]. However,
it is immediately apparent that for the case of noisy
ow as input, a signi�cant bias in the estimate for
~T is seen. This occurs as a result of the fact that
isotropic noise in ow measurements used as input
lead to anisotropic noise in constraints which are cen-
tral to the subspace methods. The bias is consistently
towards the optic axis.

Two di�erent approaches have been used to com-
pensate for the bias. Jepson & Heeger [11] suggest
a dithering method in which more noise is added to
the constraints with the goal of making the result-
ing noise isotropic in nature. Kanatani [12, 13] takes
the approach of subtracting the anisotropic covariance
matrix prior to estimating ~T , in a process term renor-
malization. Since subtraction is being used it is neces-
sary to correctly estimate the scale of the subtracted
covariance matrix.1

1Kanatani's analysis is with respect to constraints on ~T de-

In this paper the author presents a new method for
dealing with the bias. This method involves rescaling
the linear constraints from the subspace methods ac-
cording to the covariance matrix for the constraints.
Since the re-scaling is done through a multiplication,
we eliminate the need to estimate the scale of the co-
variance matrix.

In this paper the theory of subspace methods
and the cause of the bias are presented, the re-
scaling method for bias removal is introduced, and re-
sults from a synthetic image sequence (for which the
\ground-truth" motion are known) are presented.

2 Theory
This paper considers the case of planar receptor sur-

faces. The coordinate system (see Figure 1) is right-
handed and aligned so that the z-axis aligns with the
optical axis of the camera. The origin of the coordi-
nate system is placed at the optical centre of the cam-
era, so the receptor surface is the plane z = f . The
receptor surface is placed in front of the optic centre
to avoid the need to reect coordinates.

A point ~X in 3-D space images to point ~x in the
image place. Under perspective projection we have

~x =
f

X3

~X : (1)

We are interested in the movement of ~x, which has
been termed the motion �eld. Assuming

~V =
d ~X

dt
= ~T + ~
� ~X

where ~T is the translational motion and ~
 the rota-
tional motion of ~X , then we can write

~u =
d~x

dt
=

"
1 0 �x1=f
0 1 �x2=f
0 0 0

#�
f

X3

~T + ~
� ~x

�
: (2)

The vector ~u represents the motion of ~x in the image
plane. The measurement of motion of image points is
often referred to as optic ow.

rived using the essential matrix methods, so the bias problem

is not exclusive to the subspace methods.



y

x

~x

~X

z = f
receptor surface

optical axis

ẑ
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Figure 1: A right-handed coordinate system is at-
tached to the imaging system. The origin coincides
with the nodal point of the imaging system, and the
z-axis with the optical axis. The planar receptor sur-
face lies in the z = f plane. A point ~X in the 3-D
world is imaged to a point ~x in the image plane. Un-
der perspective projection the relation is ~x = f

~XT ẑ
~X .

Knowledge of the motion �eld can be used to esti-
mate the values of ~T and ~
 if the motion �eld arises
from a single underlying motion.2 Techniques for re-
covering motion parameters have included methods
based on orthographic projection [18], the essential
matrix [14, 19], methods which require the detection
of planar surfaces in the image [17, 2], and subspace
methods. The latter probably begins with work by
Rieger & Lawton [16] and was further developed by
Heeger & Jepson [7, 9, 10, 8, 11].

A simple algebraic manipulation of Eq. 2 leads to
the following bilinear constraint on translation and ro-
tation:

~TT (~x� ~u) + (~T � ~x)T (~x� ~
) = 0 : (3)

One such constraint can be written for each ~u. Non-
linear methods must be applied to a set of bilinear
constraints to recover the values of ~T and ~
. It is
worth noting that Eq. 3 can be rewritten more sim-
ply as ~TT (~a + B~
) where B is a 3 � 3 matrix-valued
quadratic function of image position ~x and ~a = ~x� ~u.

A linear constraint can be constructed from 7
or more bilinear constraints. Noting that B is a
quadratic value function, it is possible to compute
a set of coe�cients fckg which are orthogonal to all
quadratic forms in ~x, and when applied to the bilinear
constraint e�ectively annihilate the B terms, leaving

w~� =
KX
k=1

ck[~u(~xk) � ~xk] : (4)

The unit-vector ~� is guaranteed to be orthogonal to ~T .
Thus 2 or more linear constraints can be used to obtain
a linear solution for ~T . Speci�cally, if we construct

D =
PN

i=1w
2
i ~�i~�

T
i then the eigenvector correspond-

ing to the minimum eigenvalue of D is the recovered

direction for ~T .3

In the absence of noise the linear subspace con-
straints are exact [11]. Unfortunately optic ow es-
timates tend to be very noisy, so it is necessary to
consider the e�ect this has on the resulting ~� vectors.
Jepson & Heeger [11] report a bias in the estimates

of ~T when using a motion �eld with isotropic noise
added to generate the linear constraints. The cause
of the bias lies in the fact that the noise in the linear
constraints is anisotropic.

Consider the noisy constraint vector ~� = ~� + ~n
where Ef~ng = 0, and

Ef~n~nTg = �2

"
1 0 �x
0 1 �y
�x �y x2 + y2

#
(5)

2There are techniques for recoveringmotion parameters from

a motion �eld which arises from multiple underlying motions,

but these are not central to the point of this paper, and as such

are not discussed here.
3Note that we cannot recover the magnitude of ~T , just its

direction. This is inherent to the problem itself and not just in

the particular case of subspace methods.



where (x; y) is the average image location of the bi-
linear constraints used to construct ~� . This covari-
ance matrix for the noise vectors is derived assuming
isotropic, zero-mean noise in the optic ow. Recalling
the construction of our D matrix,

~D =
NX
i=1

w2

i ~�i~�
T
i

=
TX
i=1

w2

i (~�i~�
T
i + ~�i~n

T
i + ~ni~�

T
i + ~ni~n

T
i ) ;

we see that the expected value for ~D becomes

Ef ~Dg = D + Ef

NX
i=1

w2

i ~ni~n
T
i g

= D + �2M

where

M =
NX
i=1

w2

i

"
1 0 �xi
0 1 �yi
�xi �yi x2i + y2i

#
:

We see that the noise adds a term to the expected
value of ~D, and as such we expect it to a�ect the
eigenvectors of ~D.

An intuitive explanation as to why the estimate for
~T is biased towards the centre of the image is as fol-
lows. While the ~� are orthogonal to ~T , we see that for
small angular extent of the imaging receptor, the con-
straints are also roughly orthogonal to the optic axis,
since the ~� constraints are constructed as the sume of
terms involving ~ui � ~xi and the ~xi used to construct
each constraint do not vary largely. In this case trans-
lational direction estimates near the optical axis are
`favoured'. We expect that as angular extent of the
image is decreased that the bias will become worse,
and this is indeed what happens[11].

Jepson & Heeger [11] suggested a dithering method
to make the noise in the ~�i isotropic, thereby remov-
ing the bias. While this approach is e�ective, it is
not an intuitively satisfying approach since it involves
adding more noise. Note that the bilinear constraints
themselves do not su�er from the bias, so another ap-
proach is to get an initial (biased) estimate for ~T using
the linear constraints, and then improve this estimate
through a small number of iterations to solve the bi-
linear constraints.

Kanatani [13] suggests a method called renormal-
ization for removal of the bias. Recalling that Ef ~Dg =

D + �2M , it is possible to construct D̂ = ~D � �2M .
This leads to EfD̂g = D. This however requires an
estimate not only of M but of its scaling factor �2,
which is related to the noise in the optic ow. By con-
trast, the proposed re-scaling method does not require
an estimate for �2.

2.1 Removing the Bias
We have derived the form of the noise covariance

matrix for the linear constraints. In general we will
not know the scaling of the noise, i.e. we won't know
the value of �, so it is not feasible to subtract �2M
from ~D, as suggested by Kanatani [13]. However, it is
possible to re-scale the ~�i into a space where the noise
is isotropic. If ~T is estimated in this re-scaled space
the bias will have been removed. Finally, the estimate

for ~T can be converted back to the original space.
In order to understand how this works, note that

adding a scaled version of the identity matrix to D
does not change the eigenvectors: if ~D = D + �2I3,
then D~x = �~x ! ~D~x = (� + �2)~x. The eigenvec-
tors of the two matrices are identical, and the or-
dering of the eigenvalues is preserved. Re-scaling is
achieved by pre- and post-multiplying ~D by the inverse
square-root of the covariance matrixM . This gives us
M�1=2DM�1=2 + �2I3, which has the same eigenvec-
tors as D̂ = M�1=2DM�1=2. This operation is some-
times called pre-whitening [5]. Choose the eigenvector

~x that corresponds to the minimum eigenvalue of D̂,
namely M�1=2DM�1=2~x = �~x. The new estimate for
the translational direction is ~T = M�1=2~x.

Note that M�1D(M�1=2~x) = �M�1=2~x. This

means the estimate for ~T is an eigenvector of M�1D,
notD. However, since D represents the noise-free con-
straints, its minimumeigenvalue is 0. This guarantees
that pre-multiplying D by M�1 will not change the

corresponding eigenvector. Therefore the estimate ~T
corresponds to the noise-free estimate, and the bias
has been removed. It can be shown that this is also
the maximum-likelihood (ML) estimate. It will not be
possible to completely remove the bias in practice, as
the formM depends on isotropic noise in the ow esti-
mates, and will not be exact for any case of anisotropy
in the noise.

It is worth noting that once M�1=2 has been com-
puted, its application involves three matrix multipli-
cations, and therefore is computationally inexpensive.
ComputingM can be done in advance if the constraint
weights are assumed to be equal.

3 Results
The rescaling technique developed in the previous

section is now applied to a synthetic image sequence.
The �rst task is to estimate the covariance form ma-
trix, M , which will be used in the re-scaling step.

One possibility is to compute the \average image
location" of the constraints, ~xav, and compute M as

Mav =

"
1 0 �xav
0 1 �yav

�xav �yav x2av + y2av

#
:

It might be argued that this will always be at the cen-
tre of the image, but since many ~� constraints will be
rejected due to low SNR, it in general will not be. It
would also be possible to weight the constraint loca-
tion vectors by each constraint's SNR in order to get a



Figure 2: On top is a depth-map (Z-bu�er) from a
computer generated image of an o�ce. Below is a
depth-map for a cube. These two depth-maps have
been used to generate a synthetic ow �eld containing
an independently moving object.

Figure 3: This �gure shows synthetic optic ow gen-
erated from the depth maps shown in Figure 2. The
observer is moving with a translational velocity of
~T = [1 0 1]T with respect to the background. The
cube is falling, and has a translational velocity of
~T = [0 1 0]T . A rotation has been added to simu-
late the observer �xating a point near the centre of
the image. 10% noise has been added.

\centre of mass" type of average image position. This
is referred to as `Method 1.'

A second method would be to compute M as the
average of the Mi for each constraint, where Mi is
given by Eq 5. This method will be referred to as
`Method 2.' Again, this average could be weighted by
the SNR of individual constraints. Results from both
methods are demonstrated.

Motion �eld estimates were generated by applying
a known ~T and ~
 to the depth-map (Z-bu�er) for the
synthetic image (see Figure 2). The translational and
rotational motions were chosen such that the back of
the chair was \�xated". This has the e�ect of im-
proving SNR for the resulting linear constraints [15].
The depth map is shown in Figure 2, and the resulting
(noisy) ow is shown in Figure 3.4

Random noise was added to the optic ow in a se-
ries of 5 trials. The noise is added as û(~x) = ~u(~x)+~n.
The noise component ~n is chosen from a 2-D isotropic
normal distribution having a standard deviation equal
to 10% of jj~u(~x)jj. The noisy ow �eld is shown in Fig-
ure 3. Note that this noise is multiplicative in nature,
but this has been suggested as an appropriate model
for optic ow recovery [4, 6]. Linear constraints were
computed from the ow using a 7�7 convolution mask

4The ow and motion estimates were generated as part of

a project on segmenting multiple 3-D motions from optic ow.

Results shown in this paper are for the backgroundmotion only.



Figure 4: This is a plot of the magnitudes of the ~� 's
recovered from Figure 3. Regions containing depth-
discontinuities give rise to the largest constraints.
Constraints having an SNR of less than 5 were re-
moved.

True Uncorrected Method 1 Method 2

~T

h
0:7071

0:0000

0:7071

i h
0:6316

0:0005

0:7737

i h
0:7236

0:0037

0:6890

i h
0:7196

0:0035

0:6932

i
error 0.0

�
5.7523

�
1.4172

�
1.0907

�

Table 1: This table shows the results of correcting for
the anisotropic nature of the noise on the estimated
translational direction. The results are tabulated over
5 trials, each of which uses a di�erent seed to the ran-
dom number generator to add noise to the optic ow.
Both Method 1 and Method 2 provide considerable
improvement over the uncorrected case.

[11] (see Figure 4) and estimates for ~T were computed
both with and without the re-scaling method. The
results are shown in Table 1.

The \true" (noise-free) direction for
~T is [0:7071 0 0:7071]T . This corresponds to trans-
lation which is forward and to the right. The estimate
of ~T recovered without bias- correction has an error of
5:7523�, and is biased towards the centre of the image
as expected.

From Table 1 we see that both Method 1 and
Method 2 o�er substantial improvement over the un-
corrected solution, with Method 2 performing some-
what better. The exact form used for C is therefore
important, and should be made the subject of further
study. Note that the value of M used in both meth-
ods is only an approximation to the form we require,
so it is not expected that the bias will be completely
removed.

4 Conclusion
Estimation of egomotion parameters from image se-

quences is an important pursuit in computer vision.
The development of linear methods for estimating
translational direction is an important step towards
fast estimation, but comes with an inherent problem
in the form of biased estimates.

While a number of methods have been proposed for
solving this bias problem, they require either adding
more noise, which is intuitively un-appealing, or at-
tempting to estimate the scale of the covariance ma-
trix, which is di�cult unless a priori information
about the amount of noise in the ow estimates is
available.

The author has presented a new method for remov-
ing the bias which only requires knowledge of the form
of the covariance matrix, that is knowledge of the co-
variance matrix up to a scale factor. Removal of the
requirement that the scale is known is a signi�cant
improvement, since this parameter is di�cult to esti-
mate.

Further results from the re-scaling method pre-
sented in this paper may be found in [3] and the
method is shown to outperform both dithering and
renormalization. Earnshaw & Blostein [3] suggest a
further improvement which requires an iterative solu-
tion.

Results are presented for optic ow from a synthetic
image sequence. Use of a synthetic sequence allows
knowledge of the \ground truth" egomotion parame-
ters, demonstration of the bias e�ect, and demonstra-
tion of the e�cacy of the technique for its removal.
Two di�erent methods are suggested for estimating
the covariance matrix (up to a scale factor) associated
with the subspace linear constraints. Since the esti-
mates for the form of the covariance matrix are not
exact the bias was not completely removed, but was
signi�cantly reduced.
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